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formulation of this problem as a differential multipoint boundary value problem
(DMBVP), we develop a new technique for solving shape preserving interpolation
problem. This new approach has substantial computational advantages. We con-
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the differential operator by its difference approximation. This gives us a system of
linear equations with a positive definite matrix of a special structure which can be
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Chapter I

Introduction

Spline functions constitute the main tool in computer aided geometric de-
sign (CAGD for short) which is used for the approximation and representation
of curves and surfaces that arises when these objects have to be processed by a
computer. Applications of CAGD include not only geometric design of different
products like car bodies, ship hulls, airplane fuselages, etc., but also computer
vision and inspection of manufactured parts, medical research (software for digital
diagnostic equipment), image analysis, high resolution TV systems, cartography,
etc. In the majority of these applications, it is important to construct curves and
surfaces which preserve certain properties of the data. For example, we may want
the surface to be positive, monotone, or convex in some sense. Standard methods
of spline functions do not retain these properties of the data. This problem is
known as the problem of shape preserving interpolation. The purpose of this thesis
is to develop new efficient methods for solving this problem.

In the theory of splines mainly two approaches are used: algebraic and
variational. In the first approach (L. L. Schumaker (1981), Yu. S. Zavyalov et
al. (1980)), splines are understood as smooth piecewise defined functions. In the
second approach (P. J. Laurent (1972)), splines are solutions of some minimization
problems for quadratic functionals with restrictions of equality and/or inequality
type. But the third approach is also known (N. N. Janenko and B. I. Kvasov
(1970)), where splines are defined as solutions of differential multipoint boundary
value problems. In some important cases all three approaches give the same so-
lutions. However, the third approach has substantial computational advantages.
We develop this approach on the examples of hyperbolic and thin plate tension
splines. It can be generalized to smoothing splines and even to scattered data in
a straightforward manner.

Research on constructing shape-preserving interpolatory functions started
with the spline in tension of D. G. Schweikert (1966) where exponential splines
were used as approximants. This was followed by the work of H. Spath (1974,
1990), G. M. Nielson (1974), S. Pruess (1976, 1979), and C. De Boor (1978) with
various exponential and cubic spline interpolants containing “tension parameter”
to control shape. All of these approximations were interpolatory and globally C?,
but strictly speaking were not local in the sense that changing data at one point
meant the entire approximation had to be regenerated. This made automatic algo-
rithm for choosing free parameters to control shape (especially monotonicity) fairly
complicated. D. McAllister et al. (1977) derived a method for generating shape



preserving curves of arbitrary smoothness based on the properties of Bernstein
polynomials, but to achieve C? smoothness they had to use piecewise polynomials
of degree at least four. There is also the possibility of using piecewise rational
interpolants (e.g., see R. Delbourgo and J. A. Gregory (1985) and J. A. Gregory
and R. Delbourgo (1982)) although these are usually only C* or they are intended
for strictly monotone or strictly convex data.

In 1980 F. N. Fritsch and R. E. Carlson (1980) proposed a shape-preserving
interpolatory cubic spline which was only C! globally, but consequently was local,
and admitted much simpler algorithms for the choice of free parameters to control
shape (F. N. Fritsch and J. Butland (1984)). R. J. Renka (1987) working on the
exponential spline has produced an algorithm for automatically choosing tension
parameters in the C! case together with an iterative approach to extend this in a
special manner to C?. P. Costantini (1987) also has families of shape-preserving
interpolants based on Bernstein polynomials; these are very simple to use but are
comonotone, i.e. the spline on the ith data interval is increasing or decreasing as
the data on that interval. Such splines have the disadvantage that they must have
slope zero at a point where the neighboring secant lines have a sign change in their
slope; hence, any local extrema of the underlying approximation are assumed to
be in the data sample. Also, to get globally C? interpolants one must use quintic
splines. Other examples of C' shape preserving spline interpolants are found in
W. Burmeister et al. (1985), and W. J. Schmidt and W. Hess (1987). There is
the work of R. Dougherty et al. (1989) where C? quintic splines are used; a fairly
complete algorithm is given there for preserving monotonicity and there is also a
considerable discussion concerning convexity for the piecewise cubic case.

Generalized tension splines and GB-splines are widely used in solving prob-
lems of shape preserving interpolation (e.g., see J. C. Clement (1990), B. I. Kvasov
(1996a, 2000), B. J. McCartin (1990), R. J. Renka (1987), N. S. Sapidis and
P. D. Kaklis (1988) and N. S. Sapidis et al. (1988)). By introducing various
parameters into the spline structure, one can preserve various characteristics of
the initial data, including positivity, monotonicity, convexity, as well as linear and
planar sections. The major idea is to find a reasonable compromise between a con-
ventional cubic spline and piecewise linear interpolation of the data. The graph of
a shape preserving spline should lie closest to the graph of a cubic interpolating
spline, thus providing smooth curve with the best possible order of approximation
specific to a cubic spline, while still retaining selected geometric properties of the
data. Here, the main challenge is to develop algorithms that choose parameters
automatically.

Introduced by D. G. Schweikert (1966), for solving shape preserving inter-
polation problem hyperbolic tension splines are still very popular (P. E. Koch and
T. Lyche (1989, 1993), G. M. Nielson (1984), S. Pruess (1976), R. J. Renka (1987),
P. Rentrop (1980), N. S. Sapidis and G. Farin (1990)). Unfortunately, it is difficult
to work with hyperbolic tension splines for very small or very large values of the
tension parameters. For this reason, in spite of the presence of refined algorithms
for their calculation (P. Rentrop (1980)), hyperbolic tension splines were forced
out by rational splines (R. Delbourgo and J. A. Gregory (1985), J. C. Fiorot and



P. Jeannin (1992), B. I. Kvasov (1996b) and H. Spéth (1990)) in practical calcula-
tions. Recently, in P. Costantini et al. (1999) a difference method for constructing
shape preserving hyperbolic tension splines as solutions of 1-D DMBVP was devel-
oped. Such an approach permits to avoid the computation of hyperbolic functions
and has substantial other advantages. However, the extension of a mesh solution
will be a discrete hyperbolic tension spline.

Discrete polynomial splines have been studied extensively. They were in-
troduced by O. L. Mangasarian and L. L. Schumaker (1971) as solutions to certain
minimization problems involving differences instead of derivatives. They are con-
nected to best summation formulas (O. L. Mangasarian and L. L. Schumaker
(1973)) and have been used by M. A. Malcolm (1977) for the computation of
nonlinear splines by iteration. Approximation properties of discrete splines have
been studied by T. Lyche (1976). While discrete polynomial splines are currently
attracting widespread research interest (A. A. Melkman (1996), K. M. Mgrken
(1996), S. S. Rana and Y. P. Dubey (1996)), discrete tension splines have been
less studied. The only results we know of regarding this topic are discrete expo-
nential Box-splines ( W. Dahmen and C. A. Micchelli (1989), A. Ron (1988)) and
are therefore related to uniform partitions.

The content of the thesis is as follows. Chapters 2 and 3 present the basic
tools of classical and shape preserving spline interpolation. This material together
with Chapter 5 is important for understanding the two main chapters, 4 and 6.

Chapter 2 describes standard methods of cubic spline interpolation. Such
splines remain very important tools in a multitude of applications involving curve
fitting and design. The main reason for this is their excellent approximation prop-
erties. Cubic splines are easy to store, manipulate, and evaluate on computer.
However, cubic interpolation splines do not ever retain the shape preserving prop-
erties of the data.

In Chapter 3 we consider problem of shape preserving spline interpolation
and describe local and global algorithms of its solution. This chapter begins with
the necessary and sufficient conditions which guarantee that a C! local cubic spline
preserves the monotonicity of the data. We show that error of approximation re-
mains small under the proposed algorithms. This follows by sufficient conditions of
monotonicity and convexity for conventional C? global cubic interpolating splines
which are formulated in terms of restrictions on the strictly monotone or strictly
convex initial data. If these conditions are not satisfied then we provide algorithms
of shape preserving interpolation of the same data by C? generalized tension splines
with automatic choice of shape control parameters.

In Chapter 4 we formulate the 1-D problem of shape preserving spline inter-
polation as 1-D DMBVP. For the numerical treatment of this DMBVP we replace
the differential operator by its difference approximation. This gives us a sys-
tem of linear equations with a positive pentadiagonal matrix which can be solved
efficiently by classical Cholesky factorization. It is substantially cheaper than per-
forming calculations by the standard algorithm (P. Rentrop (1980)), which involves
the solution of only a 3-diagonal system, but with hyperbolic coefficients, and
then requires for interpolation the evaluation of hyperbolic functions with a much



greater number of computations than the solution of our pentadiagonal system.
We estimate the condition number of the matrix of the system of linear equations
and show that it does not depend on the number of the data points but substan-
tially depends on the refinement. We construct an extension of a mesh solution
as a discrete hyperbolic tension spline and show how to split a large 5-diagonal
system into a sequence of 3-diagonal systems which can be solved numerically by
parallel computer. We find an upper bound for the distance between a discrete
hyperbolic tension spline and the corresponding continuous spline interpolating
the same set of data and having the same end conditions. Some practical aspects
related to our discrete hyperbolic spline interpolants are discussed. We propose a
possible generalization for a particular nonuniform subdivision of the main mesh
and give some graphical examples to illustrate the main features of our difference
method.

Chapter 5 investigates the tool of discrete generalized tension splines at
which we naturally arrived at in Chapter 4. We prove sufficient conditions for
their existence and uniqueness and construct a minimum length local support basis
(whose elements are denoted as discrete GB-splines). Properties of GB-splines are
discussed and the local approximation by discrete GB-splines of a given function
from its samples is considered. We derive recurrence formulae for calculation with
discrete GB-splines and study the properties of discrete GB-spline series. Given
examples of defining functions conform to the sufficiency conditions derived earlier
in this chapter.

In Chapter 6 we formulate the 2-D problem of shape preserving spline inter-
polation as 2-D DMBVP. For the numerical treatment of this DMBVP we replace
the differential operator by its difference approximation. This gives us a system of
linear equations with the matrix of a special structure. We show that this matrix
is positive definite. So, we can solve efficiently this system of linear equations by
direct or iterative methods. As a direct method, we suggest to consider a block
Gaussian elimination. For iterative solution of the obtained linear system, we
apply successive over-relaxation (SOR) method. Finite-difference schemes in frac-
tional steps also prove their efficiency in the numerical treatment of our DMBVP.
We give some graphical examples and discuss competing numerical algorithms.

In Chapter 7 we summarize the main results of the thesis emphasizing on
the advantages of our finite difference approach. The programming codes for all
algorithms were designed in FORTRAN 90 and their description is given in the
appendix. For parallel version the Massage-Passing Interface (MPI for short),
which is a library of functions and macros that can be used in C, FORTRAN,
and C++ programs, was applied. This programming codes have been tested on
different versions of Windows for PC and some Unix servers, e.g., the SUT’s
mathematical server and the ANU’s supercomputer at the national facility of the
Australian Partnership for Advanced Computing (APAC).



Chapter 11

Cubic Spline Interpolation

In this chapter, we describe some of the algorithms for computing cubic
interpolating splines which are most often used in practical spline approximation.
Cubic splines combine the smoothness properties required in many applications
with the simplicity of their computer calculation and high accuracy of approxi-
mation. However, in a number of cases the behaviour of cubic splines does not
conform to the properties of the initial data. Visually, this is evidenced by the
presence of jumps, oscillations, and various deviations not characteristic of a given
set of points. These features may be expressed mathematically as nonmonotonic-
ity and the presence of inflection points of the spline on intervals where the data
is monotone and convex. One can obtain “correct” behaviour of the spline by in-
creasing the number of interpolation nodes. If this is impossible, then one should
use the methods of shape preserving approximation described further in this thesis.

2.1 Cubic Interpolating Splines

Suppose that we want to interpolate a function f given by the data
(i, fi), i = 0,...,N, where f; = f(z;) and the points x; form an ordered se-
quence a = xry < x1 < --- < xy = b. This interpolation problem can be solved
very efficiently by using cubic splines.

Definition 2.1. A cubic interpolating spline is a function S € C?[a,b] such that

(i) on every interval [z;,z;+1] the function S is a cubic polynomial (of order

four)
S(z) = Si(x) = aip+ a1 (r — x;) + a;2(x — z)? + a;3(x — ;)
for x€ri,xiq], i=0,...,N—1;
(ii) consecutive polynomials are smoothly adjusted

Sz —0) =85 (2;+0), i=1,...,N—1, r=0,1,2;

7

(#i) the interpolation conditions are satisfied



According to this definition, a cubic interpolating spline S is an ordered
set of cubic polynomials which match up smoothly and form a twice continuously
differentiable function. The points z;, ¢ = 1,..., N — 1, where the polynomials
are matched, are called the knots of the spline, and can be coincided with the
interpolation nodes. The knots of the spline can also have different multiplicities
depending on the number of the adjusted derivations. In particular, a knot x; has
multiplicity k; (0 < k; < 3) if the derivatives of two consecutive polynomials are
matched in this knot up to order 3 — k;. However, in this chapter we consider
cubic splines with only simple knots (of multiplicity 1).

Each of the N polynomials forming a spline has 4 coefficients, that gives
us a total of 4N parameters. From this number, one needs to subtract 3(N — 1)
conditions of smoothness and N + 1 conditions of interpolation. The remaining
two free parameters (4N —3(N —1) — N —1 = 2) are usually determined from the
restrictions on the values of the spline and its derivatives at the endpoints of the
interval [a, b] (or near its ends). These restrictions are called endpoint constraints.
There exist several different types of endpoint constraints, among which the most
common are the following four boundary conditions:

1. First derivative endpoint conditions:
S'(xo) = fo and S'(zn) = fi;

2. Second derivative endpoint conditions:
S"(xo) = fif and S"(zn) = fr;

3. Periodic endpoint conditions:

S(")(:UO) = S(T)(xN), r=0,1,2;

4. “Not-a~knot” endpoint conditions where adjacent polynomials nearest to the
endpoints of the interval [a, b] coincide: Sy(z) = S1(z) and Sy_1(z) = Sy(x),
that is, S”(x; — 0) = 8" (x; +0), i =1, N — 1.

It is natural to consider periodic endpoint conditions by assuming that the inter-
polated function f is periodic with the period b — a.

2.2 Defining Relations for Cubic Interpolating

Spline
The second derivative S” of a cubic spline is a continuous piecewise linear
function. Thus, using the notation M; = S”(z;), i =0,..., N, one can write
§'(@) = S/(@) = M= 4 My ™",z € fmainl,  (21)
i i
where h; = ;01 — x5, 1 =0,..., N — 1.

Integrating (2.1) twice will introduce two constants of integration, and the
result can be expressed in the form

Tig —)° x—x;)3
Si(z) = Mz% + Mi+1% + Cri(ipr — o) + Coi(r — ;). (2.2)



Substituting x; and x;;; into equation (2.2) and using the values f; =
Si(x;) and fiy1 = Si(z;+1) yields the following equations involving Cy,; and Cs;,
respectively:

hi h?
fi= Mzg +Ciihi,  fiqr = Mz’+1g + Cyh;.

These two equations are easily solved for C; and C5;, and when these values are
substituted into equation (2.2), the result is the following expression for the cubic
function S on [x;, x;41]:

1 —2)° — ;) 2\ 2y —
Si(x):MiM + Miﬂu_i_(fi_MiE) Tiy1 — T

2\ z — x;
i1 — M —- B 2.3
+ <f +1 +1 6) . (2.3)
To find the unknown coefficients M;, ¢ =0, ..., N, one must use the deriva-

tive of (2.3), which is

S = —a T =2 g ozt (ﬁ _ Mi@)

2h; 2h; h; 6
Ji h;
+ ( h*; —Miag ). (2.4)
Evaluating (2.4) at z; and simplifying the result yields
! hz hz
Si(zi +0) = _Mig - Mz‘+1g + flzi, wigal,

where  flz;, zi1] = (fis1 — fi) /I
Similarly, we can replace ¢ by ¢ — 1 in (2.4) to get an expression for S|
and evaluate it at x; to obtain

hi_ hi_
Si_ (i —0) = M;_, 6 L+ M, 3 -+ flrizt, zi).

As S!_(x;—0)=Si(z; +0), i=1,...,N—1, we obtain

hi-1 My + 2(hi—1 + hi) M + hi M1 = 60, f, i=1,...,N—1, (2.5)

where  0;f = flay, xiv1] — flri1, il

The system (2.5) is underdetermined as it contains only N — 1 equations
for finding N + 1 unknowns coefficients M;. In order to complete this system one
needs two additional equations. The standard strategy is to make use of one of
the above stated four endpoint conditions.

2.3 Endpoint Constraints and the Resulting Sys-
tems of Linear Equations

Using formulae (2.1) and (2.4) one can rewrite the endpoint conditions given
in Section 2.1 in the following form:



6
1. 2My + M,y = h—(f[xo,l‘l] — 1),
0
6
My_1 +2My = N (fx = flen—1,zN]);
N—-1

2. My = fi and My = f};
3. fnti=[fiy Mnyi= M;, hyy = h; for all 4;
Mgy — My M; — M;

4. ,i=1,N—1.
hi hi—q
Let us consider the resulting systems of linear equations for calculating the
unknowns M;, ¢ =0,..., N, in more detail.

1. For first derivative endpoint conditions one obtains the following system

[ 2h, ho 0 0 M,

ho  2(ho + hy) hy 0 M,

0 hi 2(h1 + ha) - 0 My | =b,  (2.6)
| 0 0 hyo1 2hy_y | | My |

where
b= [G(f[l’o,ﬂﬂl] - f(l))a 601,602 f, . .. ,6(f1/v - f[fola l’N])]T
and T is the transposition operator.

2. For second derivative endpoint conditions the system differs only by its first
and last equations

1 0 0 o0 [ M [

ho 2(h0 =+ hl) hl - 0 Ml 651f

0 hy 2(hy +hy) -+ 0 My | = | 60f | . (27)
| 0 0 0 1| | My | | /& |

3. For the periodic endpoint conditions, equation (2.5) is also valid for i = N
(or i = 0), that is, one has

uN,lMN,l —+ Q(hN,1 -+ hN)MN + hNMN+1 = 6(5Nf . (28)

Because fyy; = fi, Myyi = M;, 1 =0,1, and hy = hg then one obtains

f[l"N,iUNH] = fN+}1m_ L = fl};fo = f[$0>331]

and equation (2.8) takes the form

hoMy 4+ hy_1My_1 + 2(hn-1 + ho) My = 6(f[zo, z1] — flxn—1,2N]).



We arrive at the following system of linear equations

2(ho + hy) hy

0 .- ho

hy 2hy +hy) hy - 0

ho

where

0 hyo1 2(hy_1+ ho)

l_) == [651f, 652f, e ,G(f[Io, ZEl] — f[.%'N_l, ZEN])]T.

4. For “not-a-knot” endpoint conditions one obtains the following system

[ by —(ho+h)  ho
ho 2(ho+h1) M

0 Ao
0 A1

where

0
0

2(hy—2 +hn-1) hn_1

—(hy—2 +hn_1) hy_o

b=10,60.f,...,65x_1f,0] .

M,
M>

Mpy_q
My

I
=

(2.10)

Systems (2.6), (2.7), and (2.9) have tridiagonal or “almost” tridiagonal
matrices. This permits us to apply particularly efficient algorithms (Gaussian
elimination without pivoting) for their solution. In order to obtain a system with
tridiagonal matrix in case of “not-a-knot” endpoint conditions one needs first to
eliminate the unknown M, and My from system (2.10). If one subtracts from the
second equation of system (2.10), multiplied by hy, the first equation multiplied
by hg, then the resulting equation takes the form

(ho + 2h1)(ho + hn) M, + (h% — h2) My = 6hy6, f.

Analogously, if one subtracts from next to last equation of system (2.10),
multiplied by Ay _s the last equation multiplied by hy_1, then the resulting equa-

tion will be

(h%\f_g — h?v_1)MN—2 + (2hy—o+ hy_1)(hny—2+ hy_1)Myn_1 = 6hy_20N_1f.

We arrive at the following system of linear equations with tridiagonal matrix

(ho + 2hy)  (hy — ho) 0
hy 2(hy + ho) 0
0 e hy—o—hy-1 2hn_o+hn_1

where

b= [6Xo01 f,602f, ..., 6un_16n_1f]",
Xo = hi/(ho+ h1), pn—1=hn—2o/(hn_—o+ hn_1).

M,
M

My

I
=

(2.11)
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2.4 Diagonally Dominant Matrices. Existence
and Uniqueness of the Solution

Let us investigate whether systems (2.6), (2.7), (2.9), and (2.11) have unique
solutions. Obviously, this is the case if and only if the matrices in those systems
are nonsingular.

Definition 2.2. A square matriz A = {a;;}7;_, is called a matriz with diagonal
dominance if the following conditions are fulfilled

n

ri=lagl =Y lay| >0, i=1,...n (2.12)
j=1
J#i

A matriz A is called a matriz with strict diagonal dominance if the inequalities
(2.12) are strict.

Theorem 2.1. (Hadamard criterion). Every matriz with strict diagonal domi-
nance is nonsingular.

Proof: Suppose to the contrary that the matrix A has strict diagonal dominance
and is singular, that is, det(A) = 0 and the homogeneous system of equations

Az =0 or
n
E al-jxj:(), izl,...,n
Jj=1
has a nontrivial solution z = (x1,...,1,)T.

One can find k such that |zx| > |x;], i = 1,...,n. Then it follows from kth

equation that
n

n
laillee] < lawl|25] < lael Y laxy].
j=1

=1 J
ik Gk

From here

n
lark] < lagl,
j=1

ik
which contradicts the assumption of strict diagonal dominance of A. This
completes the proof. O

It is easy to verify that the systems (2.6), (2.7), (2.9), and (2.11) have
matrices with strict diagonal dominance. In the case of first derivative endpoint
conditions one has from system (2.6)

ro = 2h0—h0:h0>0,
r, = 2(hi_1+hi)—hi_1—hi:hi_1+hi>0, ’i:l,...,N—l,
ry = 2hy_1—hy_1=hx_1>0.
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Therefore, the matrix of this system has strict diagonal dominance.

By looking at equations (2.7) and (2.9), one can easily see that for second
derivative and periodic endpoint conditions, strict diagonal dominance also oc-
curs. For “not-a-knot” endpoint conditions, one obtains from system (2.11) strict
diagonal dominance of the matrix of this system as well,

= h0+2h1— ’hl—h0| >0,
r, = 2(hi—1+hi)_hi—l_hi:hi—1+hi>0, i:2,...,N—2,
rN—1 = 2hn_o+hy_1 — |hn_2—hy_1]| > 0.

Now using Theorem 2.1 one concludes that systems (2.6), (2.7), (2.9), and
(2.11) have unique solutions. As a consequence, there exists a unique cubic in-
terpolating spline S satisfying any of the considered above four types of endpoint
constraints.

2.5 Gaussian Elimination for Tridiagonal
Systems

Let us consider a particularly efficient algorithm for solving linear systems
with tridiagonal matrices. The algorithm given below is a special variant of Gaus-
sian elimination. Keeping in mind the systems for a cubic interpolating spline
with endpoint conditions of types 1, 2, and 4, we consider the following system.

bl C1 0 0 tet 0 €1 dl
as by Co 0 SR 0 X2 dy
0 a3 .b3 C3 T 0 T3 _ d.3 (2.13>
0 -+ 0 ap1 bpor cu Tp—1 dp—1
i 0 --- 0 0 an b, 11 zn | i d, |

To start the elimination, one divides the first equation of this system by the
diagonal element b; and uses notations p; = ¢;/by and ¢; = dy/b;. Now suppose
that we have eliminated all nonzero subdiagonal elements in the first ¢ — 1 rows.
In this case, system (2.13) is transformed to the form

(1 pp 0 0 0 0 -+ 0 [ @ |1 [ @ ]
01 p, 0 0 0 - 0 2 g
0 0 1 Pi— 0 0 Ti—1 _ qi—1
0 0 a; bl C; 0 ZT; a 7
0 0 0 0 Ap—1 bnfl Cn—1 Tn—1 dnfl

L 0 0 0 0 0 a, by | L o J L dn |
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Now in order to eliminate the subdiagonal element a; in the ith row, we
have to multiply the (i — 1)st row by a; and subtract it from the ith row. As a
result, the ¢th row of our system takes the following form

(bi — a;pi—1)T; + CiTiv1 = di — a;qi—1.

To obtain the unit on the main diagonal one must divide the ¢th row by the
coefficient b; — a;p;_1. As a result, in the final form of the ith row one obtains the
following formulae for the elements p; and ¢;:

pi:La i:27"'an_]—7 plzﬂa
b; — a;pi—1 by
di —a;qi—1 . 9 dy (2.14)
g = T, = 4,...,N, = —.
1 b; — a;pi—1 n by
Proceeding in this way one arrives at the system
(1 pr 0 0 - 0 ][ @ | [ & ]
0O 1 p 0 .- 0 Ta 42
0 - 0 I pn 0 Tp—2 a qn—2
0o --- 0 0 1 Pn—1 Tp—1 dn—1
i O .- 0 0 0 1 1L % | | O]

Now using the back substitution one can compute the unknowns x;:

Tn = (n,

2.6 Correctness and Stability of Gaussian
Elimination

Let us consider the correctness and stability of the calculations in the above
discribed special variant of Gaussian elimination. By correctness we mean the pos-
sibility to perform all necessary calculations in the algorithm, that is, in our case,
that the denominators in formulae (2.14) do not vanish. The algorithm of Gaus-
sian elimination will be also stable if we do not have any progressive accumulation
of round-off errors by performing arithmetic operations (in our case by multipli-
cations in formulae (2.15)).

For system (2.13) with tridiagonal matrix, the conditions of strict diagonal
dominance (2.12) take the form

;] > || + el i=1,....n, (2.16)

with a1 = ¢, = 0.
Let us show that if the conditions of strict diagonal dominance (2.16) are
fulfilled, then the algorithm of Gaussian elimination (2.14) and (2.15) is correct



13

and stable. According to (2.14) and (2.16) one has |pi| = |c1|/|b1] < 1. Let us
suppose by induction that |p;| < 1, j = 1,...,7 — 1. Then using formula (2.14)
one obtains

cil |cil |cil |cil

Di| = < < < —=1
Pl = e el S o= Tl ol = o = el e "

that is, |p;| < 1 for all 1.
As

|b; — aipi—1| > |bi| — |ail|pi—a| > |bi| = |a;i| >0, i=2,....,n—1,

then the denominators in formulae (2.14) are nonzero. This means the correctness
of Gaussian elimination.

Suppose that while practically solving system (2.13) by applying formulae
(2.14) and (2.15), one obtains Z; = x; + &;, ¢ = 1,...,n, where ¢; is the round-off
error at the ith step. Then according to (2.15) one obtains

ji:—pifi+1+qi, ’L:Tl—l,,l
By subtracting formula (2.15) from this equation one gets
€ = —Pi€i+1, i:n_]-)"'vla

or
l&i| = |pil leisa| < leima], i=n—-1,...,1,

that is, the calculations by formula (2.15) are stable.

It was shown above that for a cubic interpolating spline, the matrices of
the systems (2.6), (2.7), (2.9), and (2.11) for all considered four types of end-
point conditions have strict diagonal dominance. Therefore, the systems (2.6),
(2.7), and (2.11) can be stably solved by the algorithm of Gaussian elimination
without pivoting (2.14) and (2.15). To solve system (2.9) one must use a slightly
more complicated algorithm which is, however, another modification of Gaussian
elimination.

2.7 First Derivative Algorithm

In some cases it is more convenient to use a different algorithm for construct-
ing cubic interpolating spline. Such an algorithm is based on the representation
of the spline through endpoint values of its first derivative.

Let us denote m; = S'(z;), i =0,...,N. On the interval [x;, x;;1] one can
write down the following formula for the cubic interpolating spline

S(x) = Si(x) = fill =) + fipat + (1 = )il (mi — flas, 2] )(1 = 1)
+(flwi, Tisa] — mia)t], (2.17)
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where t = (x — ;) /h; and h; = x;41 — ;.
It is easy to verify that S;(z;) = f;, Si(x;) = m;, j = i,7+ 1. By differen-
tiating the formula (2.17) two times with respect to & one obtains

2
Using this expression for adjacent polynomials on the intervals [x;_1, z;] and
[z;, x;11] in the joint point x = z; one finds

2

Siii(xi—0) = oy (=3flwi—1, 2] +mi—1 + 2my),
2
Si(zi+0) = E(Sf['ria Tiy1] — 2m; — Miy1).

From the condition of continuity S ,(z; —0) = S/(z; +0),i=1,...,N—1
one obtains the system of linear equations
1 1

1
R R

flwicy,zi]  flrs, 2]
3( e )
i=1,...,N—1 (2.19)

1
i1+ 2(
h,;_lm 1 -+

In order to complete this system of equations one needs two additional
restrictions which are usually given as endpoint conditions of the types considered
in Section 2.1. Using formulae (2.17) and (2.18) one can rewrite these endpoint
conditions in the form:

1. First derivative endpoint conditions:

mo = fy and my = fi; (2.20)

2. Second derivative endpoint conditions:
2m0 + my = 3f[l’0, ZEl] — fé’ho/Q,
my—1 +2mN = ]/\,[hN_1/2+3f[IN_1,LEN]; (2.21)
3. Periodic endpoint conditions:

fnti = fis My = my, hny = h; for all 4; (2.22)

4. “Not-a-knot” endpoint conditions where adjacent polynomials nearest to the
endpoints of the interval [a, b] coincide:

So(z) = Si(z) and Sy_i(x) = Sy(z),

that is,
S"(z; —0)=8"(x; +0), i=1,N—1,

mi+miy1 M1+ my _ flxi, Tisa] B flxiz, @i i—1,N—1 (223)
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In the case of endpoint conditions of types 1 and 2, equations (2.20) and
(2.21) permit one to directly complete the system (2.19). In the case of periodic
endpoint conditions one assumes that equation (2.19) is also valid for i = N. As
according to the conditions (2.22) ynyi = yi, My = my, @ = 0,1, and hy = ho
the system (2.19) is completed by the equation

1 1 1 1 f[ﬂfo, 33'1] f[fola 9€N]
— _ 2( — =3 .
gt <h0 + hN1>mN ( he | hws )

One can easily verify that for the first three types of endpoint conditions
the corresponding systems of linear equations have matrices with strict diagonal
dominance and therefore there exists a unique related cubic interpolating spline.
In the case of “not-a-knot” endpoint conditions, in order to obtain a system whose
matrix has strict diagonal dominance one needs first to eliminate the unknowns
mo and my from the system (2.19). As a result, taking into account the relations
(2.23), the first and last equations of this system reduce to the form

f[%,xz]

+ (1 +2\) R
1

1 1 1 f[l‘o,l’ﬂ
4 - — 9y, o]
<h0+h1>m1+h1m2 B

f[l'me fol]
hn_2
flen—r, oy]

hn—1

My_o < 1 1 )
1 = (1+2un_
I + I + hov my_1 (1+2un-_1)

+2uN—1 )
where A\; = hy/(ho + h1) and uy_1 = hy_o/(hn_2 + hn_1).

Thus, for all four types of endpoint conditions, the matrices of the corre-
sponding linear systems in the unknowns m;, ¢ = 0,..., N have strict diagonal
dominance. This permits us to solve these systems efficiently by means of the
above described algorithms of Gaussian elimination without pivoting.

In order to reduce the number of arithmetic operations performed in a
practical evaluation of the spline and its derivatives on the interval [z;, z;41], one
can rewrite formula (2.17) in the form

Si(x) = fi + (x — x3) (f[zi, iga] + (2 — zig1) (@i + (2 — 25)b;)),

where

flai, i) —my m; — 2f [z, Tip1] + mipa
. and b; = h? .

a; =

2.8 Graphical Examples

As the first example we consider interpolating the function

exp(100z) — 1

J(w) = exp(100) — 1~

z € 0,1]

on the uniform mesh: z; =i/N, i =0,..., N, where N = 10,40. In Figures 2.1-
2.5 the dashed and solid lines show the graphs of the cubic spline S of the C? class
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and the graph of function f, respectively. In both cases the boundary conditions
S'(0) = f(0) =0, S'(1) = f'(1) = —100 are used. The graph of the cubic spline S
approaches the graph of the function f when the number of interpolation points,
N + 1, is increased.

In second example we consider interpolating the function
flz)=e", x € [—4,4]

on the uniform mesh x; = -4+ 8i/N, i =0,..., N, where N = 10, 16,20. In all
Figures 2.3-2.5 we used the boundary conditions S'(—4) = f'(—4) = 0, S'(4) =
f'(4) = 0. The behaviour of the cubic spline S is similar to that of the first
example. The graph of the cubic spline S approaches the graph of the function f

and preserves the monotonicity and convexity of the interpolation points, N + 1,
is increased.

1.4

1.2

0.8

0.6

\
0.4r

0.2

| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 2.1: The graphs of the cubic spline S on the uniform mesh for N = 10 and

of the function f(x)=1— %, z €0, 1].
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Figure 2.2: The same as Figure 2.1 but for N = 40.
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Figure 2.3: The graphs of the cubic spline S on the uniform mesh for N = 10 and
of the function f(z) = e ", x € [—4,4].
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Figure 2.4: The same as Figure 2.3 but for N = 16.
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Figure 2.5: The same as Figure 2.3 but for N = 20.
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Chapter 111

Shape Preserving Spline
Interpolation

In this chapter, we discuss the convex and monotone interpolation by splines
S € C?. In practice, the C? cubic splines are very often used. We give sufficient
conditions of monotonicity (convexity) for these splines, provided the interpolated
data is monotone (convex). The conditions are formulated in terms of data divided
differences and they are very easy for testing. The method that was used to deduce
these conditions is based on the simple lemma about the tridiagonal system. It
may be applied to any spline if the construction of the spline is reduced to solution
of tridiagonal system with diagonal dominance.

3.1 The Problem of Shape Preserving Spline In-
terpolation

Let us consider the Lagrange interpolation for points a = 2o < x1 < -+ - <
N = ba

S(@i) = fi (= f(x)) (3.1)

by spline functions S which preserve the shape of the data (x;, f;), i = 0,..., N.
For example, if the function f is monotone or convex on some interval [z, x|, we
would like to have a spline S which also has these properties. To achieve this, we
take splines S with knots at the points x;, which have more parameters than is
necessary to satisfy (3.1). The additional parameters are then selected to ensure
the desired properties of S. The main point, however, is to determine whether
the error of approximation ||f — S|| remains small under the proposed algorithms
which describe S.
We introduce the notation for the first two divided differences

f[%;,ﬂ?iﬂ] = (fi+1 - fz)/hw hi=xip —x;,, 1=0,...,N—1,

6if = flei, wiv1) — flric, @], i=1,...,N—1.

The data f; is said to be monotone if

f[xiaxi-O—l] 207 Z.ZOJ"‘JN_17 (32)
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and convezx if
0f>0, i=1,...,N—1. (3.3)

The problem of monotone (convex) spline interpolation consists in con-
structing a monotone (convex) spline interpolant to monotone (convex) data.

A cubic spline S € C'a,b] interpolant to {f;} can be written, for x €
[, 2;41], in the form (see (2.17) in Chapter 2)

S(z)=Si(z) = (L—t)*(1+2t)f; + (3 = 2) fiya

where t = (v — x;)/hi, m; = S'(x;), j=14,i+ 1.

F. N. Fritsch and R. E. Carlson (1980) have proved necessary and sufficient
monotonicity conditions for cubic splines of class C*. They yield the following

Lemma 3.1. If f[z;,z;11] > 0 and
0 S mj S 3f[l'i,l’i+1], j = Z,Z + 1, (35)
then Si(x) > 0 for x € [z, xi41].

Proof: This result can easily be obtained without appealing to F. N. Fritsch and
R. E. Carlson (1980). In fact, from (3.4) we have
Si(x) = s(t,mimi) = 6t(1 — 1) i, vi41]

+(1 — 4t + 3t%)ym; + (=2t + 3t*)m,4 ;1. (3.6)
The function s(t,m;,m;y1) is linear in the variables m; and m;,;. Therefore,
for proving the inequality Si(x) > 0, = € [x;,2;41], under restrictions (3.5), it
is sufficient to verify the inequalities: s(¢,0,0) > 0, s(¢,;,0) > 0, s(t,0,q0;) >
0, s(t,a, ;) > 0fort € [0,1] and a; = 3f[;, x;11]. It is easy to verify oneself that

these inequalities hold; hence, the desired result follows. This proves the lemma.
O

3.2 Monotone Matrix. Lemma on Tridiagonal
System

Definition 3.1. A real square matrix A is called monotone if Ay > 0 implies
y >0 and Ay <0 implies y < 0. Byy > 0 (y < 0) we mean that all components
of a vector y are nonnegative (nonpositive).

Let A be an invertible square matrix. Then A is monotone if and only if all
elements of A™! are nonnegative (L. Collatz (1964)).

Lemma 3.2. If a real square matriz A = {a;}7,—, has a diagonal dominance and
a; >0, a,; <0(j#1i), i,j=1...,n,

then it is monotone, and the condition Ay > 0 (< 0) implies y > 0 (< 0).
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Proof: Show that Ay > 0 implies y > 0. Suppose to the contrary that a vector
y has negative components and let g, denotes the negative component of largest
absolute value. We take a vector z whose components all equal to |yx|. As

Z%‘Zj = |yk|zaij >0, i=1,...,n,
J
then Az > 0 and thus A(z +y) = Az + Ay > 0. However,

> apyi+z) = ar(y; + lykl) < 0.

J J#k

This contradiction shows that A is monotone.
Suppose now Ay > 0. Assuming y; = 0 we have

Z ak;Y; = Z ag;y; <0

J J#k
which contradicts the assumption. This proves the lemma.. [l
Consider the system
bozo + coz1 = dy,
a;Z;i—1 + bizi + CiZit+1 = di, 1= ]., c. ,N - 1, (37)
anzn—1 +byzy = dp.

Let the system be solvable and its righthand members be positive. By Lemma
3.2 if the matrix of system (3.7) is monotone then z; > 0, ¢ = 0,..., N. But the
matrices that occur by the construction of splines are usually not monotone. In
this case we can apply the following

Lemma 3.3. Let the coefficients of system (3.7), where N > 1, be such that

b >0,i=0,...,N;

a; >0, ¢>0, bj>a;+c¢c, 1=1...,N—1, (38)
bobl bN—le

co < , ay < ————, 3.9

0 a1+ ¢ N anN—1+Cn—1 ( )

then this system is nondegenerate. If the inequalities

d; >0, d— 80t GG S G0 20, N (3.10)
bi—1 bit1

where ag = cy =d_1 = dny1 =0, b_y = by = 1), hold, the solution of (3.7) is
nonnegative:
%>0, i=0,..., N. (3.11)
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Proof: First we consider the case ¢ > 0 and ay > 0. We add to (3.7) the
equations b;z; = d;, with b; = d; = 1, 1 = —1, N + 1, and suppose that ag =
anyy1 = c-1 = cy+1 = 0. For each i = 0,..., N we take the linear combination
of the (i — 1)th, ith and (i + 1)th equations of this system with corresponding
coefficients —a;/b;_1, 1, —c¢;/b;+1. Then we have

Bozo — Coza = Dy,
—Aizi_z + BZZZ — Cizi+2 = Di, 1= 1, c. ,N — 1, (312)

—Anzn_2+ Byzy = Dy,

where
A ;105 a;Ci—1 A;41C;
i = , Bi=10b; — - )
bi—1 bi—1 bit1
CiCi+1 a;d;_y i1
Ci=——=, Di=di~ -
bit1 bi—1 bit1

and evidently A; = Cy_; = 0. Thus (3.12) is the system with unknowns zo, . .., zy.
By using (3.8) we have A; > 0, C; >0, i =0,...,N, and B; > b; —a; — ¢; >
0, 2=2,...,N —2. Next, by using (3.9), we obtain

b b
Bl > bl — 14 — a1 =C |: L a2:| > O,

a; + ¢ bg a1—|—Cl_E
a1Co aibo
By=by— —— > by — > 0,
0 0 bl 0 a; + ¢

and By_1 > 0, By > 0. Thus, all B; in (3.12) are positive. Further, it is easy to
show that system (3.12) has a matrix with diagonal dominance. As a result, this
matrix is monotone and nonsingular. Therefore, (3.11) holds.

Now, let ¢y < 0, ay < 0 (the proof in the cases when ¢y > 0, ay < 0 or
cop < 0, ay > 01is similar). Eliminating zg and 2z from (3.7), we obtain the system

6121 +ciz9 = 6717
;21 + bizi + CiZit1 — di, 1= 2, Ce ,N — 2, (313)
an—1ZN—2 +byn_1z2y_1 = dn_1,
where q
>~ a1Co -~ a1dg
bp=b——, diy=d — ——,
1 1 bo 1 1 bo
~ CN_1Q ~ cy_1d
by—1 = byt — — dyog = dyog —
bN bN

It is easy to see that system (3.13) satisfies all of the hypotheses which we have
used above in the study of the case ¢ > 0, ay > 0. Thus, 2; >0, 1 =1,..., N—1.
But zop = (dp — ¢pz1) /b1 > 0 and, similarly, zy > 0. This proves the lemma. O
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3.3 Convex Cubic Spline
Let S be a C? cubic interpolating spline with endpoint conditions

S'(z;)=fl, i=0,N. (3.14)

2

It was shown in Chapter 2 that values of the second derivative of the spline M; =
S"(x;), i = 0,..., N satisfy the system of linear equations (3.6) which can be
rewritten in the form

2M0 + M1 == do,

/.LZ'Mi,1 +2Mz+>\le+l = dia 1= 1,...,N— 1, (315)
My_1+2My = dy,

where

pi =hi—1/(hici+hy), Ni=1—p;, di=06fxi_1, 2, 241],

6

dy = > (flao, 1) — £), dy = ——(fy — fly1.2n]).
ho hn-1

Theorem 3.1. Let a C? cubic spline S with endpoint conditions (3.14) interpolate
the convex data {f;}, i = 0,...,N. If the righthand elements of system (3.15)
satisfy the following inequalities

do >0, dy=>0, 2d;—pidi1—Ndiz1 >0, 1=0,...,N, (3.16)

where d_; = dyy1 =0 and \g = puny = 1, then S"(z) > 0 for all x € [a,b], that is,
S is convex on |a,b).

Proof: It is easy to verify directly that system (3.15) satisfies the conditions
of Lemma 3.3. Therefore, by the constraints (3.16) its solution is nonnegative:
M; >0, i=0,...,N. On each interval [z;,x;11], 1 =0,..., N — 1, we have

and thus S”(z) > 0 for all = € [a,b]. This proves the theorem. O

Remark: Define h = max; h;. If a C? cubic spline S interpolates a function
f € C?a,b] and f"(x) > 0 for all # € [a,b], then conditions (3.16) will be fulfilled
provided that h is sufficiently small.

3.4 Monotone Cubic Spline

Let a C? cubic spline S interpolate the monotone data {f;}, i =0,..., N,
and satisfy the endpoint conditions

S"(x;) = f, i=0,N. (3.17)

7
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For the values of the first derivative of the spline m; = S'(z;), i = 0,..., N, one
has the following system of linear equations (see (2.19) and (2.21))

2mo+m1 = co,
)\imi_l + sz + i1 = G, 1= ]., .. ,N - 1, (318)
my-1+2my = cy,

where
co = 3flxo,x1] — fo'ho/2, ¢ =3Niflwior, ] + 3pif [, v,
ey =3flen_1, N+ fvhn_1/2.
Lemma 3.4. If the righthand elements of system (3.18) satisfy the following in-
equalities
co>0, cy>0, 2¢ — Nci—1 — picier1 >0, 1=0,...,N, (3.19)
where c_1 = cyy1 =0 and pg = Ay =1, thenm; >0, 1 =0,..., N.

Proof: It is easy to verify that system (3.18) satisfies the conditions of
Lemma 3.3. Therefore, by the restrictions (3.19) its solution is nonnegative:
m; >0, 2=0,..., N. This proves the lemma. U

From the fact that m; > 0, ¢ = 0,..., N, it does not necessarily follow
that S'(x) > 0 for all € [a,b]. To obtain this assertion, one needs a stronger
assumption than in Lemma 3.4.

Theorem 3.2. Let a C? cubic spline S with endpoint conditions (3.17) interpolate
the monotone data {f;}, i =0,...,N. If the following inequalities are valid

< 2¢o < 12f[x0, 71], (3.20)

Aven—r < 2ey < 12f[zno1, 7N, (3.21)
Nifleic, ] < (L4 N)flrs, zi], 1=1,...,N—1, (3.22)
piflri, viv] < (T4 w)fleio, 2], i=1,...,N—1, (3.23)
then S'(x) > 0 for all x € [a,b], that is, S is monotone on [a,b].

HoC1

Proof: It is easy to check that the hypotheses of Lemma 3.4 follow from conditions
(3.20)—(3.23). Thus, m; >0, i =0,..., N. From (3.8) we conclude that

my < co/2,
m; < ¢/2=3Niflmion, ] + piflwi win]) /2, i=1,... N =1,
my S CN/2.

Taking into account (3.20)—(3.23) we obtain
0 S mo § 3f[x0,x1],
0 sz §3f[17j7$j+1], ]:l—]_,l, izl,...,N—L
0 < my < 3f[xN,1,$N].

Now it follows from Lemma 3.1 that S’(z) > 0 for all « € [a, b], that is, the
spline S is monotone on [a, b]. This proves the theorem. O
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3.5 Tension Generalized Splines. Conditions of
Existence and Uniqueness

If the cubic spline does not preserve monotonicity or convexity of the data,
we suppose to use generalized tension splines (see H. Spath (1990), Yu. S. Zavyalov
et al. (1980)). These splines include, as special cases, the C? cubic spline, various
types of rational splines, the exponential spline, the cubic spline with additional
knots, etc. We give explicit formulae for the parameters of generalized splines in
order to secure the preserving of monotonicity and convexity of the data.

Let us associate with a partition A : a =29 < 21 < --- < xy = b of the
interval [a, b] a space of continuous functions S§' whose restriction to a subinterval
[x;,xi41], © = 0,..., N — 1 is spanned by the system of four linearly indepen-
dent functions {1, z, ®;, ¥;} and where every function in S§ has two continuous
derivatives.

Definition 3.2. An interpolating tension generalized spline is a function S € S§
such that

(i) for any v € [x;,xi41], i =0,...,N —1

S(x) = [fi — i) Mi](1 — 1) + [fir1 — Vi(@ip1) Mipa ]t

where t = (v — x;)/hi, M; = S"(x;), j =1i,i+ 1, and the functions ®; and
W, are subject to the constraints

O (wi1) = U () =0, r=0,1,2 ®f(w) = ¥ (i) = L.

(ii) S € C2[a,b)].

The functions ®; and ¥; depend on the tension parameters which influence
the behaviour of S fundamentally. We call them the defining functions. In practice,
one takes

Ui(z) = wi(t)h? = (g, t)h?, 0 < pi,q; < o0. '

In the limiting case when p;,q; — oo we require that lim,, ., ®;(p;,z) =
0, z € (24, xi41], and limg, o Vi(gi, ) = 0, = € [z;,2,41) so that the function
S in formula (3.24) turns into a linear function. Additionally, we require that if
pi = q; = 0 for all 7 we get a conventional cubic spline with ¢;(¢) = (1 —t)3/6 and
vi(t) = t3/6.

According to (3.24), we have

S'(xi) = my = flri, zig] — 5%’7 — Vi(wig1) h{rl’
i Miil (3.26)

M, -
S'@irr) = Misr = floi wi] + Pils) = + bi—
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where
bi = —\I’i(l’i+1> + hl\yg($1+1>
The continuity condition for S” on A and the endpoint relations S’(a) = f;
and S’(b) = fj result in the following system of linear algebraic equations

(3.27)

M, M
a0—0 + ‘1/0(5151)—1 = flxo, z1] — £},
ho ho
M; bi-1 @ M;
D (x— — | M; + V,(z; =0;f,
i ”hi1+(hig+m) + ¥ilwi) = / (3.28)
i=1,... N—1,
My _ - M
Oy_1(zN-1) Nl + bNAh AR fz/v — flen-1,zN].
N-1 N-1

Let us find constraints on the defining functions ®; and ¥; which ensure
that the interpolating tension generalized spline S exists and is unique.

Lemma 3.5. If the conditions
0< ®(x;) <b;, 0<Vy(wp1)<a, i=0,...,N—1, (3.29)

are satisfied, where @; and b; are as defined in (3.27), then the interpolating tension
generalized spline S exists and is unique.

Proof: By virtue of conditions (3.29), the matrix of the system (3.28) is diagonally
dominant:

1
ro = -[@ — Yo(z1)] > 0,
0
! - 1
ro= g [bi1 — @1 (wi1)] + h—[ﬁi — U (ry1)] >0, i=1,....,N—1,
i—1 ;
1 -
N = h [bel - (bel(foﬂ] > 0.
N-1

Thus the Hadamard criterion (see Theorem 2.1) implies that the matrix of system
(3.28) is nonsingular and that the interpolating tension generalized spline S exists
and is unique. This proves the lemma. O

The conditions of Lemma 3.5 can be weaken. From (3.26) we have

hi ¢~
M; = T {[bz + Wi(@iq)] fli; Tiga] — bimy — ‘I’i($i+1)mi+1} 5

Tz {—[ai + @s(z)] fs, xiva] + Pilxi)mi + @miy1}, (3.30)

T, = @by — @i(x;)Vi(zi41).
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The continuity condition for S” on A and the endpoint relations S”(a) = f{f

and S”(b) = fx result in the following system of equations

_ _ T
bomo + Wo(z1)my = [by + Wo(21)] f[20, 21] — h—o v
0
hi— _ h - h hz

q’i-1(%’-1)ﬁmi—1 + <(li—1TZ ) +b; T) m; + (%H)Timiﬂ

hi_ - h;
= [a;—1 + (Difl(xifl)]T lf[flfifl,%] + b + ($z+1)]T flws, 4], (3.31)

i—1
1=1,...,N —1,

_ o TN*l 1

Oy _1(zn_1)my_1 +an_amy = o N
N-1

+Han-1 + Py_1(@n_1)] flen-—1,zNn]
Lemma 3.6. If the conditions
0< (DZ([L'Z) < a;, 0< \I]z’(mi—i-l) < B,’, 1=0,..., N — 1, (332)

are satisfied, where @; and b; are as defined in (3.27), then the interpolating tension
generalized spline S exists and is unique.

Proof: It follows from the conditions of the lemma that if
0< (Dz($z)q]z(xz+l> <EZ~Z_)¢, 1=0,...,N—1,

then B
T = @by — ®i(2:) Vy(wit1) > 0, i=0,...,N—-1L

Therefore, by virtue of the conditions of the lemma, the matrix of system (3.31)
is diagonally dominant:

FO = 1_70 - ‘Ilo(xl) > 0,

hici | & h

T = (a1 — (I)z‘—l(xi—l)]T -+ [bi = Vi(zi41)] = >0, i=1,...,N—1,
i—1 g

N = an_1 — ¢N—1($N—1) > 0.

This ensure (see Theorem 3.1) that the spline S exists and is unique, and proves
the lemma. O

In practical examples the conditions of Lemma 3.6 are less restrictive than
those formulated in Lemma 3.5. They are satisfied for the majority of tension
generalized splines used in practice. One can readily verify that these conditions
are fulfilled by all of the defining functions presented below in Section 3.8. This
allows one to construct the splines, that is, to solve the tridiagonal linear system
(3.31), efficiently by a special version of Gaussian elimination that avoids pivoting
(see Chapter 2).
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3.6 Convex Interpolation by Tension
Generalized Splines

Let a tension generalized spline S given by (3.24) interpolate the convex
data {f;}, i = 0, N, and satisfy the endpoint conditions S”(x;) = f/', i =0,..., N,
where fi > 0 and f{, > 0. The system (3.28) for values of the second derivative
of the spline M; = S"(x;), i =0,..., N, can be rewritten in the form

MO = (/),7
CLiMZ'_l + szz + CiMi-i—l = di, 1= 1, R 7N — 1, (333)
MN = ]I\lh
where
Qi1 (zi-1) bio1 G Ui (2i41)
j= ) g s e I = S g,
T R R T TR /

Theorem 3.3. Let a tension generalized spline S interpolate the convexr data
{fi}, i = 0,...,N, and satisfy the endpoint conditions S"(x;) = fI', i = 0, N.
Suppose that the defining functions ®; and V; in (3.24) given by (3.25) are con-
ver on [z, xi1], @ = 0,...,N — 1, that is, ®/(z) > 0 and V/(z) > 0 for all
x € [m;,xi41], and comply with constraints (3.29). If the righthand elements of
system (3.33) satisfy the following inequalities

6/ 2 0, ]/\/[ Z 0, dl - &idi—l/bi—l — Cidi-l—l/bi—H 2 O, 1= 1, ey N — 1, (334)

where by = by =1, dy = fl/, dy = fX,, then S"(x) > 0 for all x € |a,b], that is, S
is convez on [a,b].

Proof: It is easy to verify that under constraints (3.29) system (3.33) satisfies
the conditions of Lemma 3.3. Therefore, by the restrictions (3.34) its solution
is nonnegative: M; > 0, i« = 0,..., N. Using formula (3.24) on each interval
[z, 2i11], 1=0,..., N — 1, we have

§"(x) = @ () M; + Vi (2) My,

where by assumption ®/(z) > 0 and ¥/ (z) > 0. Thus S”(x) > 0 for all = € [a, b].
This proves the theorem. 0

3.7 Monotone Interpolation by Tension
Generalized Splines

Let a tension generalized spline S interpolate the monotone data {f;}, i =
0,..., NN, and satisfy the endpoint conditions S’(z;) = f/, i = 0, N, with fj > 0

17
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and fy > 0. The system (3.31) for values of the first derivative of the spline

m; = S'(z;), i =0,..., N, can be rewritten in the form
mo = f(/)7
’dimi,l + bzmz -+ ami+1 = di, 1= 1, . ,N — 1, (335)
my = f]/\fa
where
~ hiov 5~ hir s hi L h;
a; = (I)z'—l(xz‘—l)Ti_la b; = ai_lTi_l + bi—i, ¢ = \Iji(xi-',—l)ﬁ;
7 h?_l / h‘? /
di = T 1(I>i—1(xi—1)f[$i—1>$i] + T\Ijz(xz—&-l)f[mu Ti+1]-

Lemma 3.7. Let the constraints (3.32) be fulfilled. If the righthand elements of
system (3.35) satisfy the following inequalities

fo=0, fy=>0, (fjvi_az‘gz‘—l/fgi—l_advi—i-l/gi-l—l207 i=1,...,N—1, (3.36)
wheregongzl,c%:fé, JN:ij,thenmiZO,z':O,...,N.

Proof: It is easy to verify that under constraints (3.32) system (3.35) satisfies
the conditions of Lemma 3.3. Therefore, by the restrictions (3.36) its solution is
nonnegative: m; > 0, ¢ =0,..., N. This proves the lemma. U

Theorem 3.4. Let a tension generalized spline S interpolate the monotone data
{fi}, i = 0,...,N, and satisfy the endpoint conditions S'(x;) = f!, i = 0, N,
where fi >0 and fiy > 0. Suppose the restrictions (3.32) and (3.36) are fulfilled.
If the defining functions ®; and V; in (3.24) given by (3.25) are convex on [z;, T;i1]
and
/ /
m; < —h&)q;(z;f;)f[xiﬁwﬂﬂ Mip1 < %ﬂxm%ﬂ](l —-7), 0<7<1,

i=0,...,N—1, (3.37)

then S'(x) > 0 for all x € [a,b], that is, S is monotone on |a,b).

Proof: By Lemma 3.7 one has m; >0, ¢ = 0,..., N. Differentiating (3.24) and
using (3.26) gives us

S,(iﬂ) = 3($>mi, mi—i—l) = %[hiEi(fE)f[iEi,l'iH] + Fz($)mz + Gi($)mi+1],

7

where

Ei(z) = Ui(zin)®i(w) + () V' (x) — &) Vi(wipa),
Fi(z) = —b®i(x) + i(z:)Vi(z) — Pil2:) Vi(wis),

7

Gi(z) = —Wilwi) () + V() + () Vil@ir).
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The function s(z,m;,m;y1) is linear in variables m; and m;;. Therefore,
for proving the inequality S’(z) > 0 for all z € [z;,2;41] under restrictions
(3.38) it is sufficient to verify the inequalities s(x,0,0) > 0, s(z,q;0) >
0, s(x,0,8;) > 0 for all x € [x;,x;41], where oy = —h;®}(x;)/Di(x;) fli, is1]
and 3; = hVi(xi11)/Vi(zig1) flzi, ziy1]. This can be done immediately by using
properties of functions ®; and V;; hence, the desired result follows. This proves
the theorem. ([l

3.8 Examples of Defining Functions

As was shown above the analysis of the conditions which provide monotone
and convex interpolation is substantially based on the diagonal dominance of the
system (3.28) and (3.31) for unknowns M; and m; respectively. The presence
of diagonal dominance in these systems depends on the choice of the defining
functions. Let us list the defining functions ®; and ¥, in (3.25) which are in most
common use. In the examples given below they depend on the tension parameters:

Oi(z) =pi(t)hi =1(pi, 1 —t)h3,
Ui(z) =vit)hi = o(ait),
where t = (x — ;) /h; and 0 < p;, ¢; < 0.

(1) Rational splines with

£2Q;
T+ q(1—1t)+ Al =)

hi(t) = Qi =2(3+3q +q} — Ai),

where

(a) A
(b) A —ql
(

c) Ai = qi(3+ q).

In the case A; = 0 one has standard rational splines with linear denominator
(H. Spath (1990)). The conditions of Lemma 3.6 are satisfied for —1 < p;,¢; <
oo, ¢ =0,...,N—1, and thus the interpolation rational spline exists and is unique.
System (3.28) does not have a diagonal dominance. However Lemma 3.5 holds, if,
for example, we demand additionally that p; =¢;, 1 =0,..., N — 1.

If A; = ¢ or A; = ¢i(3 + ¢;) then both systems (3.28) and (3.31) have
diagonal dominance. This choice of defining functions was given in V. L.. Mirosh-
nichenko (1997).

One can easily show that in all three cases (a)—(c)

@) hiVi(@it1)
Dy () ‘I’i(%ﬂ)
and in order to provide convexity and/or monotonicity of the interpolation spline
one can choose the tension parameters p;, ¢; as in B. I. Kvasov (2000).

=3+ Di, =3+ q; (338)
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(2) Rational splines with

3Q;

1+ qt(l—t) + A2(1— )2 Q' =2[(1+a¢)B+q) - Al

Yi(t) =

where

(a) A
(b) A _Qz<1+%)
(¢) Ai = (4 + ).

The case A; = 0 corresponds to rational splines with quadratic denominator
(H. Spéth (1990)). Here the conditions for Lemmas 3.5 and 3.6 to hold are the
same as in (1) for A; = 0.

If A; = ¢i(1 4+ q;) or A; = ¢;(4 + ¢;) then both systems (3.28) and (3.31)
have diagonal dominance and coincide with the corresponding system in (1) for (b)
and (c). This choice of defining functions was considered in V. L. Miroshnichenko
(1997).

In all three cases (a)—(c) the equalities (3.38) are valid as well.

(3) Exponential splines

_ texp(—q(1 —t) — Ai(1 —1)?)

Pi(t)

Y

where

(a) A
(b) A —ql/2
(c) A = ai(3+ai/2).

The case A; = 0 was considered in H. Spath (1974, 1990). As above, only
system (3.31) has diagonal dominance. Setting p; = ¢; for all ¢ one can provide
diagonal dominance for system (3.28) also.

If A; =¢q?/2 or A; = ¢;(3+ ¢;/2) then both systems (3.28) and (3.31) have
diagonal dominance. In order to choose tension parameters p;, ¢; one can again
apply formulae (3.28).

(4) Hyperbolic splines (see P. E. Koch and T. Lyche (1991) and numerous
references therein):
sinh ¢;t — ¢;t
i(l) = ———7——.
vilt) ¢} sinh(q;)

(5) Splines with additional knots (S. Pruess (1979)):

1+q qi ’
Vi(t) = (t - ) :

If we take a; = (14 p;)~t and B; = 1 — (1 + ¢;)~%, then the points z;; =
ri+a;h; and x5 = x;+ 3;h; fix the positions of two additional knots of the spline on
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the interval [z;, z;11]. By moving them, we can go from a cubic spline to piecewise
linear interpolations (S. Pruess (1979)).
One has here

_ ha®i()

hiWi(ziy1)
Ui (2i41)

(6) Splines of variable order (R. W. Soanes Jr. (1976)):

=3(1+pi), =31+ q)

thi

eilt) = Tl — 1)’

ki=q+ 3.

The computational burden involved in using splines of variable order can be

avoided by considering only integer values for the parameters k; (and [; = p; + 3).
In cases (4)—(6) the condition for Lemmas 3.5 and 3.6 to hold are the same

as in (1)—(3) for A; = 0. In particular, Lemma 3.5 holds, it, for example, we

demand additionally that p;, =¢;, 1 =0,..., N — 1.

3.9 Graphical Examples

We tested the shape preserving interpolation algorithms described above
on several examples. In order to construct the shape preserving function the
hyperbolic splines due to D. G. Schweikert (1966) were used, which correspond to
the choice in (3.25)

o) = ot —at
¢; sinh(g;)

The data for the first example was taken from Yu. S. Zavyalov et al. (1980).
We consider interpolating the function

exp(100z) — 1
f(z) = 1—W, z € 0,1]
on the uniform mesh: z; = ¢/10, i = 0,...,10. In Figure. 3.1 (and in Figures 3.2
— 3.5) the dashed and solid lines show the graphs of the ordinary cubic spline S3
of the C? class and the shape preserving hyperbolic spline S, respectively. In both
cases the boundary conditions S’(zy) = 0, S’(x19) = —100 are used. The spline S;
gives unacceptable oscillations. It is possible to decrease their amplitude by either
introducing a nonuniform mesh that concentrates the knots in the domain having
large gradient, or by the choosing an appropriate parameterization. Moreover, in
this example the maximal deviation of the tension hyperbolic spline S from the
interpolated function does not exceed 0.078 and S exhibits the same monotonicity
and convexity as f.

In a number of papers devoted to shape preserving interpolation (see, for
example, R. Delbourgo and J. A. Gregory (1985), S. E. Eisenstat et al. (1985)) the
algorithms are tested by data taken from H. Akima (1970) and given in Table 3.1.
Figure 3.2 shows the graphs of the splines S3 and S for this data. The latter has the
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inflection point on [zg, xg]. In comparison with the profiles given in R. Delbourgo
and J. A. Gregory (1985), J. A. Gregory (1984), in addition to retaining the
monotonicity and convexity properties of the initial data the spline S approximates
Ss better.

Table 3.1: Data for Figure 3.2.

¢ 0] 121345 6 71819110
x| 0123|568 9 | 1112|1415
fi {10110 ] 10| 10| 10| 10 | 10.5 | 15| 56 | 60 | 85

In J. A. Gregory (1984) the function f(z) = 2 — /z(2—2), 0 < z < 2,
that defines the semicircle is considered. This function is interpolated on the
mesh uniform in z (Fig. 3.3) and along the arc length (Fig. 3.4). In both cases
13 interpolation points and the boundary conditions S'(zg) = —50, S'(z12) =
50 were used. We see that the transition to the mesh with constant step along
the arc length enables us to reduce the oscillations of the spline S3 but it does
not remove them. The hyperbolic spline S again retains the monotonicity and
convexity properties of the initial data.

Figure 3.5 illustrates the interpolation of the data taken from H. Spath
(1990) (Table 3.2). In version of the algorithm we used, the conditions dy_1f = 0,
In_of # 0 and flry_s3,zn_o]flxn_2,2x_1] > 0 imply the linearity of the spline
on the interval [zxy_o, xy].

Table 3.2: Data for Figure 3.5.

v |0 1 2 3 | 4 5 |6 7 |8
T 20125355560 (7|85 |10
fi 212514515045 (15(1]05] 0

e}
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Figure 3.1: Exponential boundary layer type data (Yu. S. Zavyalov et al. (1980)).
Profiles of interpolation and shape preserving splines.

920

80

70~

60

20

30

20

104 =

Figure 3.2: Data obtained by H. Akima (1970). Typical behaviour of interpolation

and shape preserving splines on given fast- and slow-change sections
of data.
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0.0 0.5 1.0 1.5 2.0

Figure 3.3: Interpolation of a semicircle by the data uniform in the x-coordinate.

0.0 0.5 1.0 1.5 2.0

Figure 3.4: Interpolation of a semicircle by the data uniform in the arc length.
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0 4 8

Figure 3.5: Data obtained by H. Spath (1990). The shape preserving spline is not
sensitive to these outliers and automatically satisfies the boundary
conditions.



Chapter IV

Finite-Difference Method for 1-D
Shape Preserving Interpolation

In this chapter, tension hyperbolic splines are defined as solutions of dif-
ferential multipoint boundary value problems by considering the 1-D case. For
computations, we use difference approximations of such problems. This permits
us to avoid calculations of hyperbolic functions, however, the extension of a mesh
solution will be a discrete tension hyperbolic spline. We consider the basic com-
putational aspects of this approach and illustrate its main advantages.

4.1 Problem Formulation. Finite Difference
Approximation

Let the data
(ZL’Z,fZ), Z:O,,N+1, (41)
be given, where: a = xg < 1 < --- < xny1 = b. Let us put

hi:xi—i—l_xi) 2207,N

An interpolating tension hyperbolic spline S with a set of tension parameters
{pi>0|1=0,...,N} is a solution of the differential multipoint boundary value
problem (DMBVP for short)

d45' Pi 2 d2S ;
pr (E) TS =0, we(man), i=0..,N, (42
S c C’Q[a, b], (43)

with the interpolation conditions
S(z;))=fi, 1=0,...,N+1 (4.4)
and the end constraints
S"(a)=fi and S"(b) = fui1- (4.5)

For practical purposes it is often more interesting to know the values of the
solution over a given tabulation of [a,b] than its global analytic expression. In
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this paper we do not consider the tabulation of S directly but we study a natural
discretization of the previous problem. We prove that the discretized problem has
a unique solution, called mesh solution, and we study its properties. Of course,
it turns out that the mesh solution is not a tabulation of S but can be extended
on [a,b] to a function u with properties very similar to those of S and which
approaches S as the discretization step goes to zero. Due to these properties we
will refer to u as a discrete hyperbolic tension spline interpolation of the data (4.1).

Let us assume (as a first step) that each h; is an integer multiple of the same
tabulation step, 7. Putting n; = h;/7, we look for a mesh solution @ = {u;; | j =
—1,...,n;+1, i=0,..., N}, satisfying the difference equations:

N\ 2
[AQ_ <%> A]Ui,j:Q j=1...,n,—1, i=0,...,N, (4.6)

where
Uij1 — 2Uij + Wijyr

72

Auj =

The smoothness condition (4.3) changes to the equations

Wi-1n;—y = Ui0,
Ui—1n;_1—1 2_7—ui—1,ni_1+1 _ Ui 1 ;Tui,fa i=1,....N, (4-7)
AUi—1,ni,1 = Aui,Oa
which are equivalent to
Uimin, 145 = Wij, J=—1,0,1. (4.8)
The interpolation conditions (4.4) take the form
Uio = fi, Uin, = fix1, 1=0,...,N, (4.9)
and for the end conditions (4.5) we have
Augo = fy and  Aun,y = fri- (4.10)

4.2 An Algorithm for Solving the System
of Difference Equations

The equalities (4.8) and (4.10) permit to eliminate the redundant unknowns
in the difference equations (4.6). The values ug—; and uy 41 are not explicitly
computed but are introduced into the formulation to accommodate the two nec-
essary end conditions. Putting m = Zz’]\;O n; + 3, the previous equations can be
collected in the m x m linear system

At = b, (4.11)
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where

1 -2 1 0 i
0 1 0 O
1 Qo b(] ag 1

1 Qo bo Qo 1

. 1 aq b1 aq 1
A= 1 aq bl aq 1

0 0 1 0
L 0 I =2 1
DiT\? .
ai:—(4+wi), b126+2w27 wi:<h>, ’L:O,...,N,
i
and
U= (Uo,—l,uoo,um, <oy UOng—1, U105 + - -5 U20y - - -, UNQy - - - >uNnNauNnN+l)Ta

b= (7_2 (3,7f0707"'707f17"'7f27‘"7fN7"'7fN+177_2f]/\,7+1)T'

In the previous system the unknowns w;g, ¢ = 0,...,N 4+ 1, can be immedi-

ately determined from the interpolation conditions while the expression of ug_;
(Unny+1) can be obtained from the first (last) equation and substituted in the
third (third to last) equation. Then in practice we deal with the m* x m* linear
system (m* =m — N —4)

A*ut = b, (4.12)
where
[ bg —1 Qo 1 i

ao b() (N 1

1 Qo bo Qo 1
1 ap bo ap

_ 1 Qo b() 1
A= 1 bl aq 1 ’
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and u*, b* are correspondingly deduced from u and b.
Following M. A. Malcolm (1977) we observe that

A*:C*-f-D*,

where both C* and D* are symmetric block diagonal matrices; to be more specific,

Co
Ch
Co
C* = - ;

Cn

_bz—]_ a; 1
a; bl a; 1

C; = T , (4.13)

| 1&lbi_1_
"0 0 .
0 0
0
11
11
0
D* =
0
11
11
0
0
0 0

Since the eigenvalues of D* are 0 and 2, from a corollary of the Courant-Fisher
theorem (see G. H. Golub and C. F. Van Loan (1996)) we have that the eigenvalues
of A*, A\p(A*), satisfy the following inequalities

)\k(A*) Z )\k(C’*), k= 1, cee ,m*.
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The eigenvalues of C* are the collection of the eigenvalues of C; and we have
Ci = Biz —w; By,

where B; is the (n; — 1) x (n; — 1) tridiagonal matrix

Because the eigenvalues of B; are well known (see also M. A. Malcolm (1977)),
Ni(By) = —2(1 —COS%), j=1,...,n; — 1,
the eigenvalues of C; are
Ai(Cy) = 4(1 — cos ]—W>2 + 2wi<1 — CoS ‘7—7T>
n; n;

It follows that

Ap(A¥) > nlmjn \(Ch) = miin [4(1 — cos %)2 + 2w,~<1 — COoS %)] .
Hence, A* is a positive matrix and the linear system (4.12) (and (4.11) as well)
has unique solution.
In addition, from Gershgorin’s theorem, A\;(A*) < max;[16 + 4w;], so that
for the condition number, po(A*), with respect to the 2-norm of A*, we have the
following upper bound not depending on the number of data points, N + 2:

max; [16 + 4(32)?]

A* h;
pi2(A%) min; [4(1 — cos 77)? 4 2(3)2(1 — cos 77)] (4.14)
max; [16 + 4(%)2} ’
min; ()4 + (7p;)?]
We remark that, for p;, =0, ¢ = 0,..., N, we recover the results presented

in M. A. Malcolm (1977).

From the structure of A*, the linear system (4.12) can be solved efficiently
using a direct method for band matrices. Since A* is positive band matrix of
band width 2, the classical Cholesky factorization , A* = LL”, provides a lower
triangular band matrix L of band 2 and it can be performed in O(m) operations,
G. H. Golub and C. F. Van Loan (1996).

Here we have presented the analysis for the linear system obtained consid-
ering, as end conditions, given values for the second divided differences at the end
knots. A similar analysis can be performed for different types of end conditions.
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For example, in practical applications, it seems sometimes more convenient to con-
sider given values of the first divided differences at xy, znyy1. Even in this case,
following the previous strategy, it is possible to prove the existence and uniqueness
of the solution and to find a bound for the condition number of the matrix of the
linear system exactly as in (4.14).

4.3 System Splitting and Mesh Solution
Extension

In order to solve the DMBVP (4.2)—(4.5) numerically, we consider the sys-
tem of difference equations (4.6) completed with the smoothness conditions (4.7)
(or (4.8)), interpolation conditions (4.9) and end conditions (4.10).

With the notation

M;; = Au;j, j=0,...,n; i=0,...,N, (4.15)
on the interval [z;, ;1] the system (4.6) takes the form

Mij—1 — 21\?;’ + Mija <%>2Mz

= 0,j=1,...,n—1, (4.16)
-

Mi,ni — Mz’+17

where M; and M;,; are prescribed numbers. The system (4.16) has a unique
solution, which can be represented as follows

Mi; = mi(xi), xy=x;+77, j=0,...,n
with
(z) sinh k;(1 — t) n sinh k;t T —x;
mi(xr) = Mi—————— il ———, = ,
sinh(k;) sinh(k;) h;

and where the parameters k; are the solutions of the transcendental equations

2 k’ﬂA'Z T
— sinh =D; i >0, 7,=—).
= sin 5 pi (pi> 7, h¢>

From the equation (4.15) and the interpolation conditions (4.9) we have

U = fia
Uij—1 — 2Uj5 + Ujj41 -
J 7.2] J = Mij7 7 :1,...,7%—1, (4'17)

Let us consider the function
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where

X sinh(k;t) — tsinh(k;)
(1) =
pilt) p? sinh(k;)

The function u; satisfies to the conditions

UJZ<LU]) :fj7 Auz(:c]) :MJ ] :Z,Z+1,

where
Auy(z) = ui(x — 1) — QUZEx) + u;(x + 7').
T
The mesh restriction of the function w; gives us the solution of the system (4.17)
with u;; = w;(x;;), j =0,...,n;. The smoothness conditions (4.7) can be rewritten
as
uiy (7)) = ui(w),
Ui (z +7) —wim(x; — 7) _ wi(x; + 1) — wi(x; — 7)7 (4.19)
27 27

Aui_l(xi) = Au,(:v,),
which are equivalent to
ui (2 + J7) = wilw; + j7), j=-1,0,1.

Using (4.18) and the second condition (4.19) we obtain a linear system with 3-
diagonal matrix

MO = 6/7
i—1hi-iMi_y + (Bi—1hi—y + Bihi) M + cshiMiy, = d;, i=1,..., N, (4.20)
MN+1 = Z/\//+17
where

d = Jiv1 — fi B Ji— fia
' h; hiy

@i = 2%, - p2hsmh(k)
o 27; B p27; sinh(k;) ‘

Using an expansion of the hyperbolic functions in the above expressions as power
series we obtain

G; >20; >0, i=0,...,N, forall 7>0, p;>0.

Therefore the system (4.20) is diagonal dominant and has a unique solution.
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We can now conclude that the function w which coincides with wu; for
x € [xi, 2], 1 =0,1,..., N, is a discrete tension interpolation spline. A mesh
restriction of the spline u gives us a solution of the system (4.6). The spline u can
also be easy recovered from the solution of the system (4.6).

In addition we observe that

. 1 T\2 . 1 T\2

O I Y S co R
: t(t? —1)
1 pi(t) = ——=,
p¢1£n>090() 6

hence we recover the result of M. A. Malcolm’s paper (1977) for discrete cubics.
Instead of looks for a direct solution of the system (4.6) we recommend the
following algorithm.

Step 1. Solve 3-diagonal system (4.20) for M;, i =1,..., N.
Step 2. Solve N +1 3-diagonal systems (4.16) for M;;, j=1,...,n;,—1,1=0,..., N,
Step 3. Solve N + 1 3-diagonal systems (4.17) for u;;, j=1,...,n;,—1,1=0,...,N.

In this algorithm, hyperbolic functions need to be computed in step 1 only,
but not in steps 2 and 3. Furthermore, the solution of any system (4.16) or (4.17)
requires 8m arithmetic operations, namely, 3m additions, 3m multiplications, and
2m divisions, Yu. S. Zavyalov et al. (1980), and is thus substantially cheaper than
direct computation by formula (4.18).

Steps 2 and 3 can be replaced by a direct splitting of the system (4.11) into
N + 1 systems with 5-diagonal matrices

Ciu;=c¢, 1=0,...,N, (4.22)

where the (n; — 1) x (n; — 1) matrix C; = B? — w;B; and B; has the form (4.13),
U; = (uib U2, - - - 7ui,ni—1)Ta

¢ = (24w)fi — My, —fi,0,...,0, = fiz1, (24 w;) fiyr — Mz’+1)T-

The calculations for solving the systems (4.16) and (4.17) or (4.22) can be
performed by using a multi-processing parallel computer system. If n; = n for all
1, we can first store a triangular factorization of the matrices of the systems and
then use parallel computations.

4.4 Error Estimates

In this section we bound the distance between a discrete tension hyperbolic
spline and the corresponding continuous one interpolating the same set of data
and having the same end conditions. For the sake of simplicity we only detail the
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case where second divided differences (derivatives) are prescribed at zg and x ;.
Similar results hold for other standard end conditions.

It has been shown in the previous section how the mesh solution obtained
from system (4.11) can be extended to a continuous function u in the interval [a, b]
considering the expression (4.18) in each subinterval [z;, z;41] where the constants
M, are solution of the system (4.6).

On the other hand, as mentioned in section 4.2, the classical smooth tension
hyperbolic spline interpolating the data (4.1) is a function S, satisfying (4.2)—(4.5).
It is well known that, setting

we can express S;(x) 1= S(2)|f, .., as follows
Si(w) = fi(l = t) + firat + Gi(1 — )b M; + Gi(t)h My, (4.23)
where
sinh(p;t) — tsinh(p;)
p; sinh(p;)

Gi(t) =

Y

and the constants M; are solutions of the linear system

]\7[0 = 6I7
Qi1hioi My + (Bimihioy + Bihi) My + &My, = diy i=1,...,N, (4.24)
MN—H = Z/\//+17
where

~ ~ sinh(p;) — ps

i = — ! 0 =,
“ i(0) p? sinh(p;)

~ . p; cosh(p;) — sinh(p;
G =g = bueoshipd - sinhip)

p; sinh(p;)

It is easy to verify that the 3-diagonal linear system (4.24) is diagonal dominant,
more precisely

Bi > 2a; >0, Vp; >0

and that, in the limit case 7 — 0, systems (4.20) and (4.24) coincide since

7—0

7—0

Eliminating in (4.20) and (4.24) the unknowns My, My, and My, My respec-
tively we obtain two systems of N equations: their matrices will be denoted by T
and T respectively. Then (4.20) reduces to

T™M =d, d=(dy— aohofé', dy, ..., dn — aNth],\/H-l)Ta
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while (4.24) reduces to

TM =d, d=(dy— éaohof), da, ...,dn —anhnfr)".

We have .
T =T+ 0T,
where
- b b a T
o T b n b
ar by b az
h1 1 + 2 ho
ol = 7'2 aj_ b;— B} b; a; ;
by Ry TR e
an-—1 bel. - by
| hN_1 hN—l hN -
1 [cosh@ 1 }
a; = 3 : - — ;
72p; Lsinh(k;)  sinh(p;)
ho— 1 [cosh(ki) cosh £ B cosh(pi)]
! 72p; sinh(k;) sinh(p;)

After some computations we obtain that a;, b; are continuous bounded functions
of 7, 7 > 0, more precisely

3p; cosh(p;) sinh(p;) + p?
24 sinh?(p;) '

jails [b:] < Ailps) := lim [b;] = (4.25)

Then, putting M = M + 6M, we can rewrite the linear system obtained reducing
(4.24) as )
(T +0T)(M + 6M) =d,

that is, following M. A. Malcolm (1977) and T. Lyche (1976)

M = (T =T Yd+T7'(d—d)
= T YT —T)T*d+T7(d—d)
= —T7Y%TM+T7d—-d)

so that ) . .
16M oo < 6M ||z < T H2NOT 2| M ]2 + |77 (d — d)]]2-

Since, from Gershgorin’s theorem,
16T ), < 7°4 max -

177l < max

1T < max
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we have
1

77777 N (B — ai)hi + (Bic1 — ai—1)hizy

In addition, since from (4.25)

~ .AZ T
ld — dll, < 72 gl(%h—iHQH% 9= (/o 1)

we obtain A
=100 _ JVl. < 2|71 i '
771 = D)l < 71T o e 3 Nl
Therefore
~ 1
|M — M|, < 7?max B
v (ﬁz - az)hz + (ﬁi—l az—l)hz—l (426)

Then from the expressions of S; and u;, see (4.23) and (4.18), we have

IS — wil| = max \Sz(x) — ()|
T€[T,Ti41]

- t€(0,1]
Then putting

Gi(t) - @i(t)

T

Y

B; =2 5i(t)], Cii=2
mmax [4i(t)] e

we have that C; is a continuous bounded function of 7, 7 > 0 and

h?

(2

7_2
n&—mnsﬁ{mea+ana—]

that is from (4.26)

I8 —will < mire{ max
i=LsN (B — &) hy + (Bim1 — &i—1)hiq (4.27)

)

A; C;
[ s A + e ol | + G311}

From (4.27), for each fixed sequences of the values py,...,pyn, we have a
second order convergence of the discrete tension hyperbolic splines to the corre-
sponding continuous one. The results agree with the order of approximation of
the discretization which we have used for the first, second and fourth derivatives.
For a better understanding of the upper bound (4.27) let us detail the behaviour
of B;, C; for different values of the tension parameter p;. We have

B, = 2 s sinh(p;t) — tsinh(p;) <

p? te[0,1] sinh(p;) D

1
=,
i




48

and using an expansion of the hyperbolic functions in the previous expression as
power series, as p; approaches 0

Bi<-—*_. (4.28)

Concerning C;, we have:

; Di ) '

limC; = ————— max |cosh(p;)sinh(tp;) — ¢sinh(p;) cosh(tp;

—0 T2 el (py) iy [ cosh(pi) sinh(tp) (ps) cosh(tp)|
= D’L S Di,

lim Djp! =0, Vgqg=>0,

Pi—00

and from the series expansion of the hyperbolic functions, as p; approaches 0

p?
543

Finally let us consider in detail the limit case p; =0, ¢ = 0,..., N. From (4.21),
(4.25), (4.28), (4.29) we obtain

G <

(4.29)

1 ~ 1
6 6 pi—0

p;—0 pi—0 p;i—0

so that from (4.27)

1 1 1
sl < B2 —[ _ _

and we recover, with some improvements, the corresponding result of M. A. Mal-
colm (1977).

Finally, we observe that (4.27) can be used to estimate the rate of conver-
gence of a discrete tension hyperbolic splines towards a function generating the
interpolation points as max; h; — 0. To do that it suffices to combine, via triangle
inequality, (4.27) with the results of M. Marusi¢ and M. Rogina (1995) where the
convergence of a continuous tension hyperbolic spline to a function generating the
interpolation points is studied.

4.5 Practical Aspects and Generalizations

The aim of this section is to investigate the practical aspects related to our
discrete spline interpolants and to propose a possible generalization for nonuniform
subdivisions of the main mesh.

The first problem we want to address is the numerical evaluation of the mesh
function @ defined in section 4.2. The simplest approach is obviously given by a
direct computation, using the linear system (4.11). With this choice, we have a
symmetric, pentadiagonal, positive definite system and therefore, can use special-
ized algorithms, with a computational cost of 17m arithmetic operations, namely,
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7m additions, 7m multiplications, and 3m divisions H. Spath (1990), where m is
the number of unknowns. This is substantially cheaper than performing calcula-
tions by the standard algorithm P. Rentrop (1980), which involves the solution
of only a 3-diagonal system, but with hyperbolic coefficients, and which requires
the evaluaation of hyperbolic functions in formula (4.23). The evaluation of these
hyperbolic functions demands a much greater number of computations than the
solution of our pentadiagonal system. We also recall that the upper bound for the
condition number of the matrix A, given in (4.14), does not depend on the number
of interpolation points and thus such methods can be used with some confidence.

We can observe, however, that m can sometimes be very large when the
points are irregularly distributed and the tabulation step 7 is small (for instance,
for the radio chemical data of table 4.1, having chosen 7 as the largest step such
that h;/7 is integer, we get m = 1193). In some cases, for example for generating
a grid in bivariate interpolation, even the linear computational cost may prove
to be too expensive, but if we have a parallel machine, we can easily share the
computation among the processors as outlined below.

The basic idea is to transform the matrix A of (4.11), which, for N = 2,
n; = 18 has the form shown in Figure 4.1, into the form K of Figure 4.2. Note that
the 7th interpolation condition is settled in the r;th row, where r; = 2 + Zf,;lo ny.
If we extract he first and the last rows from K (which correspond to boundary
conditions), then the second and the second last, and, for i = 0,1,..., N the rows
Tiy...,r; +4, we get a block matrix E of the form shown in Figure 4.3. The
corresponding linear system has few equations, and having solved it, it is possible
to solve in parallel the N 41 linear systems obtained from the “remaining” matrix
F' of Figure 4.4 by extracting its independent blocks.

The problem now is how to move from A to K. From Sections 4.2, 4.3 and
4.4 we have the following two facts. Having in mind (4.11) and the corresponding
Figure 4.1, let us consider the section given by rows r;, ..., ;.1 — 1. We note that
the entries of the columns with index r;+3,...,r,.1 — 3 are 1, a;, b;, a;, 1 which are
the coefficients of the difference equation (4.6). On the other hand, it is shown in
Section 4.4 that any function of the form

Tz(l') = C1(1 — t) —+ Cgt -+ Cg()/O\i(l — t) —+ C4g/0\i(t>, (430)

is a solution for (4.6); therefore if we multiply the row of index r; + v, v =
1,...,n; — 1, by Yi(z;,) = Yi(x; + v7) and then add all these rows, then the
contribution of all the columns from r; 4+ 3 to 7;,1 — 3 sums up to zero. The idea
for obtaining the matrix K from A is the following: we replace the four rows of
index r; + 1,r; +2,7; + 3,r; + 4 with the sum of the rows from r; + 1 to r;y; — 1
multiplied by the values assumed in z;, by four linearly independent functions
of the form (4.30). The remaining question is how to choose these functions.
Several numerical experiments have shown that the lowest condition number of
the matrix K (which is in general larger than that of A) is achieved when we
use the cardinal functions for Lagrange interpolation at the points z;, closest to
T, Ty + hz/g, Tiv1 — hl/g, Lit1-
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Figure 4.2: The matrix K obtained from the matrix of Figure 4.1 by substitution
of the rows as indicated in the text.
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Another possibility is to directly use the results of section 4.4, that is: first
we solve the tridiagonal system (4.20) obtaining the divided differences at the knots
My, ..., My, and then we compute the refined solution within each interval of
the main mesh either solving the NV +1 tridiagonal systems (4.16), (4.17) or simply
evaluating the function of (4.18). We note that this latter approach is the only one
possible if we want a continuous extension of the discrete solution beyond the mesh
point. At first sight, this approach based on the solution of a tridiagonal system
seems preferable because of the limited waste of computational time and the good
estimates for the condition number of the matrix in (4.20). However, it should be
observed that we have to face the numerical computation of hyperbolic functions of
the form sinh(k;t) and cosh(k;t) - a very difficult task, both for cancellation errors
(when k; — 0) and for overflow problems (when k; — c0). A stable computation
of the hyperbolic functions was proposed by P. Rentrop (1980), where different
formulas for the cases k; < 0.5 and k; > 0.5 were considered and a specialized
polynomial approximation for sinh(-) was used. This approach is effective but
somewhat complicated, and it is the author’s opinion that all these difficulties could
be more easily overcome using the features of some new programming languages
which allow numerical data type with arbitrary (and user selected) lengths for the
fractional and the exponent parts of the floating point representation.

So far, we have considered only uniform subdivisions of the main mesh,
given by suitable step sizes 7 such that for any i, h; = n;7. However, it is clear
that nonuniform subdivisions are necessary in many applications, for example
when we have big changes in the main mesh size or when we want to zoom the
solution into a neighborhood of some particular points.

For these reasons, we want to restate — as far as possible — the above theory
for a particular nonuniform mesh, that is for the grid

{ip=2;+vm; i=0,...,N; v=0,1,...,n; where n; = h;/7; },
in such a way that:
(a) the solution coincides with the uniform one when 7; = 7 and

(b) within any interval [x;, x;,1], the solution can be seen as the mesh restriction
of a function wu; of the form (4.18) (having substituted 7; = 7;/h;).

In the uniform case the solution u; given in (4.18) satisfies the difference
equation (4.6) centered at the points z;,, v = 1,...,n; — 1 and thus the points
involved range from z; 1 = x; — 7 t0 Z; ,4+1 = Z;41, 7. The smoothness conditions
(4.5) involve central divided differences and therefore use evaluations of u; at
x; — T, x; + 7. We want to do exactly the same for nonuniform meshes. We
start by defining a redundant mesh

Tiy=x;+vr; 1=0,..., Nyv=-1,...,n,+1

and we seek a mesh solution @;,; ¢ =0,...,N; v = —1,...,n; + 1 such that
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N\ 2
[A2—<&> Ai]ai,,:(), v=1,....ni—1, i=0,... N, (4.31)

where 5 5 5
Wiy—1 — 2U; 5 + Wipy1
5 )

T

Aty j =

which satisfy the following smoothness conditions

Uim1m; , = U,
Wim1my 1 +1 — Wim1py_i—1 i1 — Uj—1 .
L el = By =1,...,N, (4.32)
27}',1 27'1'
Nty . = N,
and are interpolant, that is
ai,():fiv ZZO)vN7 aN,nN:fN—f—h
A ~ _ 1. A ~ _ 17 (433)
olloo = o NUNny = JN=1"
Our discrete solution will then be defined as
Uiy ' =Uip, 1=0,...,N; v=0,...,n,, (4.34)

and one seems immediately that since w;,,—1 = @i+1,—1 and U p,41 = U1 for
7; = 7 the discrete solution given by (4.31)—(4.34) does coincide with that defined
by (4.6)—(4.10) for the uniform subdivision.

It is possible to repeat all the arguments developed so far for this nonuniform
mesh. Having added to (4.34) the values uy —; and uy ,,+1 to satisfy the boundary
conditions, we can collect (4.31)—(4.33) in a linear system Ad = b, identical to
(4.11) with the exception of the matrix A which has now the form:

1 -2 1 0
0 1 0 0
1 ag b() ag 1
1 a bo aq 1

1 aome—1 Bono—1 Y0mo—1 00,mp—1

0 0 1 0 0
01,1 V1,1 Bii a1 1
1 al bl al 1 !

1 ay by any 1
1aNbNaN1
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N 2
ai:—(4+wi)a b; = 6 + 2w, Wi:<p;:z> ) =0,...,N,
and
L —pi
Qi—1m;_1—1 = _(4 + Wifl)a ﬂifl,nz‘flfl =0+ 2w + 1+ ,Oz"
L —pi 2
Yi-1lni_1—-1 = _(4 twi-1+ 2 )’ 5i_1’”i— 1T 1)
L pi ' pi(pi +1)
p?
5’£ =2 : ) i1 — — 4 ) 2 A 1 )
1 pl—}—l Yi,1 ( + w; + (p ))
By =64 2w, 4+ 2] (4+w); i=1....N
i1 — Wy 3 Q1 = — Wi ), t=1,..., 9
a pi +1 !

We emphasize that the results of sections four and five can be restated for
this nonuniform case without any change; in particular there exist functions u; of
the form (4.18) which are continuous extensions of the discrete solution, that is

ui(xi,,,):ﬂiy,,, ZZO,,N, V:—l,O,...,ni—i—l.
We can also repeat the algorithmic considerations developed in the first part of
this section; the only substantional difference lies in the fact that now the ma-
trix A is no longer symmetric, and an analysis of its condition number cannot, is
contrast with section 4.3, be carried out analytically. However, several numerical
experiments have shown that the condition number is not influenced by the non-
symmetric structure, but does depend on the minimum step-size h;, exactly as in
the symmetric case. In other words, symmetric and nonsymmetric matrices, with
the same dimension and produced by difference equations with the same smallest
step-size, produce very close condition numbers. The nonuniform discrete tension
hyperbolic splines have in fact been used for the graphical test of the following
section.

4.6 Graphical Examples

The aim of this final section is to illustrate the tension features of discrete
tension hyperbolic splines with some (famous) examples. Before, we want to notice
that the continuous form wu; of our solution given in (4.18) has the good shape-
preserving properties of cubics (see, e.g., P. Rentrop (1980)) in the sense that w;
is convex (concave) in [z;, z;+1] if and only if M;,; >0 (< 0), j = 0,1, and has at
most one inflection point in [z;, x;11]. In order to preserve the shape of the data,
we therefore simply have to analyze the values A;u; o and A;u, ,, and increase the
tension parameters if necessary. All the strategies proposed for the automatic
choice of tension parameters in continuous tension hyperbolic spline interpolation
can be used in our discrete context, see, e.g., R. J. Renka (1987), P. Rentrop
(1980).
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In our first example we have interpolated the radio chemical data reported in
Table 4.1. The effects of changing the tension values w; = (p;7;/h;)? are depicted
in Figures 4.5-4.7. We have adopted a nonuniform mesh, assigning the same
number of points (30) to each interval of the main mesh, and imposed natural end
conditions, that is, following formulae (4.6), My = My,1 = 0.

Table 4.1: Radio chemical data:

x; 7.99 8.09 8.19 8.7 9.2

fi 0 2.76429E-5 | 4.37498E-2 | 0.169183 | 0.469428
T 10 12 15 20

fi 1 0.943740 | 0.998636 0.999916 | 0.999994

Figure 4.5 is obtained setting p; = 0, and the zoom displayed at Figure
4.6 clearly shows the deep decrease — extraneous to data — in the first part of
the discrete solution. In Figure 4.7 a new discrete interpolant with py = p; =
300, p; =15, i = 2,...,7, is displayed for the same data, and the zoom displayed
at Figure 4.8, and the stretching effect of the increase in tension parameters is
evident.

Table 4.2: Akima’s data:

x| 023|568 9 |11 12|14 |15
fi 11011010 10| 10 | 10 | 10.5 | 15| 56 | 60 | 85

In second example we have taken Akima’s data of Table 4.2 and constructed
discrete interpolants with 20 points for each interval, with the values of M, and
My, equal to the second divided differences of data. Figure 4.9 shows the plot
produced by an uniform choice of tension factors, namely w; = 0 and Figure
4.10 a second one, which perfectly reproduces the data shape, where we have set
Wy = Wg = Wg = 0.1.
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Figure 4.5: The radio chemical data with natural end conditions My = My,1 = 0.
Interpolation by discrete cubic spline (p; = 0).
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Figure 4.7: The same as Figure 4.5 with py = p; =300, p;, =15, i =2,...,7.
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Figure 4.8: A magnification of the lower left corner of Figure 4.7.
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Figure 4.9: Akima’s data. Interpolation by discrete tension hyperbolic spline with
choice of tension parameters w; = 0 for all ¢+ and values of M, and

M1 equal to the second divided differences of the data.
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Chapter V

Discrete Tension Generalized
Splines

This chapter addresses the definition and the study of discrete generalized
splines. Discrete generalized splines are continuous piecewise defined functions
which meet some smoothness conditions for the first and second divided differ-
ences at knots. They provide a generalization both of smooth tension generalized
splines and the classical discrete cubic splines. Completely general configurations
for steps in divided differences are considered. Direct algorithms are proposed for
constructing discrete tension generalized splines and discrete tension generalized
B-splines (discrete GB-splines for short). Explicit formulae and recurrence rela-
tions are obtained for discrete GB-splines. Properties of discrete GB-splines and
their series are studied. It is shown that discrete GB-splines form weak Cheby-
shev systems and that series of discrete GB-splines have a variation diminishing

property.

5.1 Discrete Tension Generalized Splines.
Conditions of Existence and Uniqueness

Let a partition A : a = 29 < 27 < -+ < xy = b of the interval [a, b
be given, to which we associate a space of functions SPY whose restriction to
a subinterval [z;,z;41], ¢ = 0,...,N — 1 is spanned by the system of linearly
independent functions {1, z, ®;, ¥;} and where every function in SP¢ is continuous
and for given TiLj > 0 and TiRj > 0, j =1 — 1,1, the values of its first and second
divided differences with respect to the points z; — 77", i, a;+7; ki
Ti, T + TZ»Ri coincide.

Given a continuous function S we introduce the linear difference operators

and x; —

DyS(x) = D S(x) = (AFS[x—1f ] + AE S, 2+ 1) (1 - t)
+(A§115[a¢ — 7l ]+ AL S, + 7] ])t

DyS(x) = DinS(x) = 2S[x — 7, w2+ 7%)(1 —t) + 2S[x — 7,z 2 + 710 ]t
r € v, xi4q) 1=0,...,N—1,

where /\R =1- /\L = TR /(7 1+7' D, j=tyi+land t = (z—x;)/hi, hi = 01—
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The square parentheses denote the usual first and second divided differences of the

function S by the argument values x; — T]-Li, Tj, Tj+ TjRi, j =11+ 1.

Definition 5.1. A discrete generalized spline is a function S € SPY such that
(i) for any x € [x;,xi44], i =0,...,N —1

S(x) = Si(x) = [S(xi) — Pilw) MiJ(1 — 1) + [S(@ir1) — Vil@isr) Miga ]t
+®;(z) M; + () My,
(5.1)
where M; = D; 55;(x;), j =14,i+ 1, and the functions ®; and U, are subject
to the constraints

Oi(2ig1 — 751) = Qi) = Qi(wp + 750) =0, Dya®(w;) = 1,
\I/Z(ZL'Z — TZ-Li) \IJZ([L'Z) = \Ill<1’2 —I— TZ-Ri> = O, Di72\lli(xi+1) = 1,
(5.2)

(i1) S satisfies the continuity conditions

51'71(%') = Sz'(l'i)7
Di_17lsi_1($i) = Di715i(l‘i), 1= 1, Ceey N —1. (53)
Di—1,2Si—1(Ii) = Dz’,25i($z')7

This definition generalizes the notion of a discrete polynomial spline in
L. L. Schumaker (1981) and of a tension generalized spline in B. I. Kvasov (1995,
1996b). The latter type can be obtained by setting TjLi = TjR" =0,7=191+1
for all i. If 77 = 7& and 7% = 78, j = i — 1,4 then according to smoothness
conditions (5.3) the values of the functions S;_; and S; at the three consecutive
points x; — 7, x;, x; + 77 coincide. Setting T].Li = T].Ri =1, J =1,1+ 1 we obtain
D,;S(x) = S|z — 7,z + 7;] and D,;S(z) = S|z — 7, x,x + 7;] which is the case
discussed in P. Costantini et al. (1999).

The functions ®; and ¥; depend on the tension parameters which influence
the behaviour of S fundamentally. We call them the defining functions. In practice
one takes ®;(x) = ®;(pi,x), Vi(z) = Vi(¢;, ), 0 < p;,q; < oo. In the limiting
case when p;,q; — oo we require that lim,, .. ®;(p;,z) = 0, € (z;,2;41] and
limg, oo ¥i(gi,x) = 0, & € [z, 2,41) so that the function S in formula (5.1) turns
into a linear function. Additionally, we require that if p;, = ¢; = 0 for all ¢ we get

a discrete cubic spline with

1 (%41 — @ — T'Lfl)(ﬂﬁz‘ﬂ —x)(Tiy1 — T+ Tﬁﬁ)

q)i = 3 ! )
(I) 2 3hz + 41 — &
o) = LEmmAn)E—m)(e o) 54)
‘ N 2 3hl + Ei+1 — &5 ’ ’
g5 = T]Ri —TjLi7 ] =1,1+ 1.

If TiLj = TZ»Rj = 1;, J = i—1,1 for all 7 then this spline coincides with a discrete cubic
spline of Yu. S. Zavyalov et al. (1980). The case 7; = 7 for all ¢ was considered in
T. Lyche (1976).
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Introducing the notation m; = D;15;(z;), j =14i+1, i=0,...,N —1,
we can obtain less restrictive conditions on the functions ®; and ¥; to guarantee
existence and uniqueness of the discrete hyperbolic spline S than could be achieved
by using the unknowns M;.

From the equations D;5;(z;) = m;, j =14,i+ 1, we find using (5.1)

hi
M; = f{[bi A+ Wi(2i41)]S |26, Tig1] — bimy — Vy(2i401)miga },

hi o _
Mini = =@+ Pi(2)]S[zi, 2ina] + ilws)mi — aimin (5.5)
Ty = @by — ®i(x;)Vi(xip1),
where
a; = —Pi(z;) — hiDi1Pi(z:), (5.6)
bi = —Wi(wip1) + hiDi1Vi(wiq). .

The third equation in the smoothness conditions (5.3) and the boundary
relations My = Dy2S(a) and My = Dg2S(b) result in the following system of
linear algebraic equations

_ _ T
bomo + \I’()(ZL'l)ml = [bo + \Ilo(ZL'l)]S[Io, 1'1] — DQQS(CL)h—O,
0
hi_ ~ hi — h; h;
¢i—1($i—1)ﬁmi—1 + <ai—1ﬁ + bzi) m; + \Ili<xi+1)imi+1
i - hi
= [G;—1 + Cbif1($i71)]T‘_1S[Ii—17 x| + [b; + q)i(xiﬂ)]fs[xi, Tip1), (5.7)

i=1,...,N—1,
hn—1
Tn_q
+an-1 + Pn_1(zN-1)]S[xN-1,2ZN]

Oy _1(zn_1)my_1 + an—1my = Dy 2S(b)

Let us find constraints on the defining functions ®; and ¥; which ensure
that the discrete tension generalized spline S exists and is unique.

Lemma 5.1. If the conditions

0<q)l<l’z) < aj, 0<\I/Z‘(ZL’I'+1> <bi, 1=0,...,N —1,

are satisfied, where @; and b; are as defined in (5.6), then the discrete tension
generalized spline S exists and is unique.

Proof: It follows from the conditions of the lemma that

0< q)l(l’z)\l}z(l’z_,_l) < C_Libi7 1= 0, e ,N — 1.

Then
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Therefore, by virtue of the conditions of the lemma, the matrix of system (5.7) is
diagonally dominant:

Ty = BO — \Ifo(l'l) > O,

hiov | h; :

771' = [C_Li_l — @i_l(xi_l)} ! + [bz — \I]'L(Iz—i-l)]_ > 0, 1= ]., . ,N — 1,
Tia T;

'n = an-—1— Pn_1(zn_1) > 0.

This ensures (e.g., see Yu. S. Zavyalov et al. (1980)) that the spline S exists and
is unique, and proves the lemma. 0]

In practical examples, the conditions of Lemma 5.1 are satisfied for the
majority of discrete tension generalized splines. This allows one to construct the
splines, that is, to solve the tridiagonal linear system (5.7), efficiently by a special
version of Gaussian elimination that avoids pivoting.

5.2 Construction of Discrete GB-Splines

Let us construct a basis for the space of discrete tension generalized splines
SPC by using functions which have local supports of minimum length. Since
dim(SPY) = AN — 3(N — 1) = N + 3 we extend the grid A by adding the points
zj, j = —3,—2,—1,N +1,N + 2,N + 3, such that 2.3 < z_» < z_; < a,
b < TNyl < Tny2 < TN43-

We demand that the discrete GB-splines B;, i = —3,..., N — 1 have the
properties

Bi(z) > 0, x€ (z+71 zipa— 1), (5.8)
Bi(z) = 0, ¢ (v, i),

Z_: Bj(z)

= 1, z¢€]ab]. (5.9)
j=—3
According to (5.1), on the interval [z;,x;41], j = 4,...,7 + 3, the discrete
GB-spline B; has the form
Bi(z) = Bj(z) = P;(z) + ®;(x) Mg, + V;(x) Mj 11,8, (5.10)

where P, ; is a polynomial of the first degree and M;p, = D;2B;(x), | = j,j +1
are constants to be determined. The smoothness conditions (5.3) and constraints
(5.2) give the following relations
Fijla;) = Pijalz) +2M;p,
DjaPj(x;) = Djapbija(e;) + ¢ 2Mip,,

where

zj = zj(xy) = Va(xy) — @5(z)),
ci—12 = D11V (x)) — D;j1®5(x;).
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Thus
Pyj(x) = P j(2) + [z + ¢jm10(z — z;)| M B, (5.11)
By repeated use of this formula we get
J i+3
P, (z) = Z (21 + o1 2(x — )| My g, = — Z (21 + cm12(x — )| M) g,
I=i+1 I=j+1

As B; vanishes outside the interval (z;, z;14), we have from (5.11) that P, ; = 0 for
j =1,1+ 3. In particular, the following identity is valid

i+3
Y [z F el —25)| M, =0,

j=i+1

from which one obtains the equalities

i+3
Z cj12yjMjs, =0, r=0,1, y; =x;— 5 (5.12)
j=it1 Ci-12
Thus the formula for the discrete GB-spline B; takes the form
( U, () M;s18,, T € [T, Tiq1),
(x — yiy1)CioMip1 B, + Piv1 () Mip1 B, + Vit1 () Miyo s,
T € [Tit1, Tiya),
Bi(z) = (Yivs — T)cirooMirsn, + Pizo(®) Mo, + Vito(x)Misp,,  (5.13)
T € [Tiya, Tiya),
Dits(x) Miysp,, T € [Tiy3, Tita),
0, otherwise.

\

Substituting formula (5.13) into the normalization condition (5.9) written
for x € [z, x;41], we obtain

> Bix) = @(x) i Mg, + Wi(x) > Mz,

Jj=i—3 j=i—3 j=i—2
+(Yir1 — x)cigMiy1B,_, + (v — yi)eii2Mip, , = 1.

As according to (5.9)
> Mg, =Y Myp =0 (5.14)
j=i—3 j=i—2
the following identity is valid
(Yis1 — )i oMip1 B, , + (@ —yi)cim12MB, , = 1.
From here one gets the equalities

T T . _
y¢+10i72Mi+1,Bi_2 —Y; Ci—1,2Mi,Bi_1 = 61,7"; r=0,1,
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where ;. is the Kronecker symbol. Solving this system of equations and using
(5.12) or (5.14), we obtain

M%Bi _ yi+3_/yi+1  j—i41li4+2i+3
Cj—1,2wi+1(yj>
wi+1($) = (95 - yz’+1)($ - yi+2)(95 - yi+3)

or with the notation ¢;3 = yj12 — Y41, 7 = 4,7 + 1,

1
Mz—‘,—l,Bl — 6*26‘3’
11 1
Mitom, = — ( + ) (5.15)
’ Ciy12 \Ci3  Cit13
1
M35,

Ci+22Ci4+1,3

5.3 Properties of Discrete GB-Splines

If the inequalities of Lemma 5.1 are satisfied at only the interior nodes of
the support interval of the discrete GB-spline B;, then we obtain the following
result.

Lemma 5.2. If the conditions
0< W, 4(x;) <bj_1, 0<®j(x;)<aj, j=i+1i+2,i+3

are satisfied, where b;_1 and a; are as defined in (5.6), then in (5.15) cjr > 0,
J=t...,1+3—k; k=1,2, and

(=177 Mg, >0, j=i+1,i+2,i+3. (5.16)
Proof: The conditions of the lemma can be rewritten in the form

2
0 < H%q(%) < Dj 11V a(xy),

(5.17)
0 < h—jq)j(llfj) < =Dj1®;(xy), j=i+1,i+2,i+3.
Taking the sum of these equations we obtain
cis12=D;11V,;1(xj) — Dj1®j(z;) >0, j=i+1,i+2,i+3.
The inequalities
x;—hj1/2<y;<x;+h/2, j=i+1,i+2,i+3 (5.18)
are equivalent to the relations
hj—1 hj—
0 < [=Wj-alzy) + =57 Dimiayma(wy)] + [@5(25) — =5—Dja®s(x;)],

h; h;
0 < [V y(x;)+ ngjfl,l‘I’jfl(%)] — [®j(x;) + ngjJ@j(xj)],

j=i4+1,i+2i+3,
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which are obviously satisfied by the conditions (5.17). From (5.18) we obtain
Cjs = Yjr2—Yj+1 > 0, 7 =i,i+ 1. Now it follows from (5.15) that if the conditions
of the lemma are satisfied, then the inequalities (5.16) hold. This proves the
lemma. U

The functions B, j = =3, ..., N —1 possess many of the properties inherent
in the usual discrete polynomial B-splines. To provide inequality (5.8) in what
follows we will assume in addition that D;,®; and D;,¥; are strictly monotone
functions on the interval [z;, x;11].

Theorem 5.1. Let the conditions of Lemma 5.1 be satisfied, the functions ®; and
U, be conver and D;o®; and D;V; be strictly monotone on the interval [x;, xj41].
Then the functions B;, j = —3,..., N — 1 have the following properties:

1. Bj(xz) >0 forx € (z; + T]Bj,l‘j+4 — Tijf), and Bj(z) =0 if v ¢ (z;,244);
2. B; satisfies the smoothness conditions (5.3);
3. Z;\;—_l?) y§+2Bj(l') = IL‘T, r = O, 1 fOT T € [CL, b], q)J(l’> = Cj_LQCj_273Bj_3([L’),

U,(x) = ¢joc;3Bi(z) forx € xj,xj4], j=0,...,N—1.

Proof: By assumption, the functions D;,®; and D;,V; are strictly monotone.
Since ®; and V¥, satisfy the constraints (5.2) we conclude that the functions @
and ¥, are convex. Furthermore, in virtue of the restriction (5.17) we obtain that
®; is positive and monotonically decreasing on the interval [z, 2,41 — Tijl) and
U, is positive and monotonically increasing on the interval (x; + T]Rj Ty

Using formula (5.13) and inequalities (5.16) we see that the function B; is
positive and increases (decreases) monotonically on the interval (z; + T]E 7 Xy
(on the interval [x;43, Tj414 — Tj-j::i1—3>>.

For x € [z, x;1], L = j + 1,7 + 2, we have

DQBj(I) = DLQCI)[(JJ)MZ’B]. + DLQ\IIZ(SL‘)MZ_;_LB]..

As the sum of two strictly monotonically decreasing (increasing) functions the
function DyB; decreases monotonically on [x;1, 2;4+2] and increases monotonically
on [xjig,xj43]. Then there exist points ( € [z, x41], | = j+ 1,7 + 2, such
that DyB;((;) = 0. Since by (5.13), (5.16), and (5.17) D;111B;(z;4+1) > 0 and
Dji5:Bj(xj13) < 0 we find that the discrete GB-spline B, is positive, increases
monotonically on [z;4+1,(+1], and decreases monotonically on [(jio,xj43]. The
function B; is concave and also positive on the interval [(j11, (j1o].

All the remaining properties of the discrete GB-splines B;, j = —3,..., N—1
which are formulated in (2)—(3) of Theorem 5.1, follow directly from formula (5.13).
This proves the theorem. 0

Lemma 5.3. The function B; has support of minimum length.
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Proof: It is clear that the function B; cannot be different from zero on only a
part of the interval [z;,x;41], j = 4,7 + 3. If we suppose that B; vanishes outside
the interval (z;41,;44), then due to the continuity of DyB;, we have M, p, = 0.
But then it follows from the equalities (5.12) that M;p, =0, j =i+ 2,7+ 3, and
according to (5.13) we obtain B; = 0. If we suppose that B, vanishes outside the
interval (x;,z;43), we arrive at the same result. This proves the lemma. [l

Theorem 5.2. The functions B;, i = —3,..., N —1, are linearly independent and
form a basis of the space SPY of discrete generalized splines.

Proof: Let us assume to the contrary that there exist constants ¢;, ¢ =
—3,..., N — 1, which are not all equal to zero and such that

c_3B_s(x)+ - +én_1By_1(x) =0, =z € [a,b]. (5.19)

Because the functions B;, ¢ = —3,..., N — 1 have finite supports, in the
sum (5.19) only the four terms with subscripts ¢ — 3,...,7 do not vanish on the
interval [z;, z;+1]. Hence taking into account formulae (5.13) and (5.15), we have

i i—1 )
Z Eij(iIf) = @l(x) Z éjMi,Bj +\IJ1(I') Z EjMi-I-l,Bj

j=i—3 j=i—3 j=i—2
_ Y1 — X _ r—y;
+Cig—— + G —————— = 0, T € [$i, Iz’—&-l]'
Yi+1 — Yi Yi+1 — Yi

Since the functions {t, z, ®;, ¥;} are linearly independent on the interval [x;, z;11]
and My, # 0, k =1,1+ 1, it follows that ¢, 3 = --- = ¢; = 0. Continuing this
process, we find that ¢; = 0 for all 7.

Since dim(SPY) = N + 3, we see that the discrete GB-splines B;, i =
—3,...,N — 1, all of which are elements of the space SPY form a basis of this
space. This proves the theorem. O

5.4 Local Approximation by Discrete
GB-Splines

According to Theorem 5.2, any discrete generalized spline S € SPY can be
uniquely written in the form

S(x) = 2 b; B;(x) (5.20)

j=-3

for some constant coefficients b;.

If the coefficients b; in (5.20) are known, then by virtue of formula (5.13)
we can write out an expression for the discrete generalized spline .S on the interval
[z;, x;11], which is convenient for calculations,

S(x) = bis + b (z — ;) + b2, ®(2) + 8Py (), (5.21)
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where
" pk=1) _ k=) o
pW) = 2Tt =1 9. 90— 5.22
J Cjak J J ( )
The representations (5.20) and (5.21) allow us to find a simple and effective
way to approximate a given function f from its samples.

Theorem 5.3. Let a function f € Cla,b] be given by its samples f(y;), j =
—1,...,N+1. Then for b; = f(yj+2), j = —3,..., N — 1, formula (5.20) is exact
for polynomials of the first degree and provides a formula for local approximation.

Proof: It suffices to prove that the identities

N-1
> By =a", r=0,1 (5.23)

j=—3

hold for = € [a,b]. Using formula (5.21) with the coefficients b;_» = 1 and b;_o =
Yj, j =1—1,4,i+1,i+2, for an arbitrary interval [z;, z;11], we find that identities
(5.23) hold.
For b;_5 = f(y;), formula (5.21) can be rewritten as
Sx) = fly) + lyoviral (@ = v) + Wirr — vi0) FYio1, Ui Y )i o @)
F(Yire = Yi) Flyo Yiv1s Yinolcip Wil@), @ € g, 2i01]-

This is the formula of local approximation. The theorem is proved. O

Corollary 5.1. Let a function f € Cla,b] be given by its samples f; = f(z;), j =
—2,...,N +2. Then by setting

1

Cj—1,2

bj—2=f;— V1 (xy) flag, wja] — 5(25) flwjr, ;] (5.24)
in (5.20), we obtain a formula of three-point local approximation, which is exact
for polynomials of the first degree.

Proof: To prove the corollary, it is sufficient to take the monomials 1 and z
as f. Then according to (5.24), we obtain b;_» = 1 and b;_» = y; and it only
remains to make use of identities (5.24). This proves the corollary. U

Equation (5.21) permits us to write the coefficients of the spline S in its
representation (5.20) of the form

by — { S(y) = Dj—12S8(xj-1)®j1(y;) — Dj2S(x;)V;1(y;),  y; <z
! S(y;) — Dj2S(x)®i(y;) — Djr12S(xi11)Vi(ys),  y; >

According to this formula we have b;_y = S(y;) + O(h?), h; = max(h;_y, h;).
Hence it follows that the control polygon (e.g., see P. E. Koch and T. Lyche (1989))
converges quadratically to the function f for b;_5 = f(y;), or if the formula (5.24)
is used.
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5.5 Recurrence Formulae for Discrete
GB-Splines

Let us define functions

DV (z), T € [z), Tj41),
ng(.’l}) = Dj+1’2¢)j+1(l’), T &€ [ZIZj+17 [L’j+2], ] = Z,Z + 1,2 + 2. (525)
0, otherwise,

We assume that the functions D;,¥; and Dj;12®,41 are strictly monotone on
[z, xj41) and [z;41, T;42] respectively. The splines B, are a generalization of the
“hat-functions” for polynomial B-splines. They are nonnegative and, furthermore,
Bj72($j+l) = 5171, [ = O, 1, 2.

According to (5.13), (5.15) and (5.25) the function DyB; can be written in
the form

i+3
D;Bi(w) = Y M;pBj 1s(w)
j=it+1
_ L(Bm(l’) B Bz‘+1,2($)) 1 (Bz‘+1,2($) B Bi+2,2(93)> (5.26)
i3 Ci2 Cit+1,2 Cit+1,3 Cit1,2 Cit2.2 ' '
The function DB, satisfies to the relation
B; B;
DiBi(z) = 3() . +1,3(ZU)’ (5.27)
Ci3 Ci+1,3
where
D V. (x
JéT{() T € [z, 211),
Diy11®i11(x)  Djp1aVi(x)
ng,(x) = L+ Cj.2 B Cj+1,2 , TE [xj+17'rj+2>7 (528)
Dji21®j40(2)
. T € [Tj42,Tj43),
0, otherwise.

\

Using formula (5.28) it is easy to show that functions B3, j = —2,..., N —
1 satisfy the first and second smoothness conditions in (5.3), have supports of
minimum length, are linearly independent and form a partition of unity,

N-1
Z Bj73(I> = 1, T € [CL,b].
j=1

Figures 5.1 and 5.2 show the graphs of discrete GB-splines B; o, Bﬁ3, and
B; (from left to right) on a uniform mesh with step size h = 1 and discretization
parameter 7 = 0.1 (Figure 5.1, left and Figure 5.2, right), 7 = 0.33 (Figure 5.1,

right) and 7 = 0.5 (Figure 5.2, left) for

7; sinh p;t — tsinh(p;7;) 2. A — T
i 1T 7

h;

Ui(x) = (i, T t)hi =

4 ginh?2 Pifi o )
= sinh” 25 sinh p;
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08 1 08

06 1 06

04t 1 o4k

02} 1 o2k

Figure 5.1: The discrete GB-splines B, o, Bﬁ3, and B; (from left to right) on a
uniform mesh with step size h = 1, no tension and discretization pa-

rameter 7 = 0.1 (left) and 7 = 0.33 (right).

1 o0a4r

1 o2r

Figure 5.2: Same as Figure 5.1, but with discretization parameter 7 = 0.5 (left)
and with tension parameters p; = 50 for all ¢ (right).

In figures 5.1 and 5.2 (left) we have parameters p; = 0, that is, we have conven-
tional discrete cubic B-splines (e.g., see T. Lyche (1976)). Visually, the presence
of intervals where the B-splines B; are negative is more visible with growing dis-
cretization parameter 7. In figure 5.2 (right) the tension parameters are p; = 50
for all 7, whence the shape of the graphs is practically unchanged when 7 increases
from 0.1 to 0.5. As the limit for p; — oo we obtain the pulse function for B;,, the
“step-function” for B, and the “hat-function” for B; (all of height 1).

Applying formulae (5.26) and (5.27) to the representation (5.20) we obtain

N-1 N-1
D%S(ZL’) == Z bj,gB]l-:3<JZ>, DQS(I) = Z bngjQ(l‘), (529)

j=—2 j=—1

where coefficients b;;, k = 3,2 are calculated by formula (5.22).
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5.6 Series of Discrete GB-Splines
(uniform case)

Let us suppose that each step size h; = ;11 — x; of the mesh A :a =1z <
r1 < --- < xy = bis an integer multiple of the same tabulation step, 7, of some
detailed uniform refinement on [a, b].

For 6 € R, 7 > 0 define

Ry, = {6 +ir: iis an integer}
and let Ryg = R. For any a,b € R and 7 > 0 let
[a,b], = [a,b] "R,

The functions B, B£3, and B; are nonnegative on the discrete interval
[a,b],;. This permits us to reprove the main results of discrete polynomial splines
of L. L. Schumaker (1981) for series of discrete generalized splines. Even more, one
can obtain the results for tension generalized splines of B. I. Kvasov (1995) from
the corresponding statements for discrete tension generalized splines as a limiting
case when 7 — 0.

In particular, if in (5.20) and (5.29) we have the coefficients b4 > 0,
k=0,1,2, 5 = =3+k,..., N—1, then the spline S will be a positive, monotonically
increasing and convex function on [a, b),.

Let f be a function defined on the discrete set [a, b],. We say that f has a

zero at the point = € [a, b], provided

f(x)=0 or f(x—7)- f(x)<O.

When f vanishes at a set of consecutive points of [a,b],, say f is 0 at
Z,...,x+ (r—171, but f(x —71)- f(xr + r7) # 0, then we call the set X =
{z,z+7,...,04+ (r — 1)1} a multiple zero of f, and we define its multiplicity by

T, if f(x—7)- f(x+7r7)<0andris odd,
Zx(f)=14 if f(x—7)- f(x+77)>0andris even,
r 41, otherwise.

This definition assures that f changes sign at a zero if and only if the zero is of
odd multiplicity.

Let Z, 4, (f) be the number of zeros of a function f on the discrete set
la, b];, counted according to their multiplicity.

Theorem 5.4. (Rolle’s Theorem For Discrete Generalized Splines.) For any S €
spe,

Z[a,b]T(DlLS) Z Z[a,b]-r(s> -1 (530)
Proof: First, if S has a z-tuple zero on the set X = {z,...,x + (r — 1)1}, it
follows that DLS has a (2 —1)-tuple zero on the set X' = {x+7,..., 2+ (r—1)7}.
Now if X! and X? are two consecutive zero sets of S, then it is trivially true that

DES must have a sign change at some point between X* and X2. Counting all of
these zeros, we arrive at the assertion (5.30). This completes the proof. U
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Lemma 5.4. For every S € SPY which is not identically zero on any subinterval
[l‘i?xi-‘rl]T) 1= 07 R N — ]-7

Zay), (S) < N +2.

Proof: According to (5.25) and (5.29), the function D5S has no more than one
zero on [x;, x;41], because the functions Dy®; and DoV, are strictly monotone and
nonnegative on this subinterval. Hence Zj 4, (D2S) < N. Then according to the
Rolle’s Theorem 5.4, we find Zjq4), (S) < N + 2. This completes the proof.
O
Denote by supp,B; = {z € R,.|Bi(z) > 0} the discrete support of the
spline B;, that is, the discrete set (z; + 7,244 — 7).

Theorem 5.5. Assume that (_3 < (o < --- < (y_1 are prescribed points on the
discrete line R, .. Then

and strict positivity holds if and only if
¢ € supp,B;, i=-3,...,N—1. (5.31)

Proof: Let us prove the theorem by induction. It is clear that the theorem holds
for one basis function. Assume that it also holds for [ — 1 basis functions. Let us
show that if (5.31) is satisfied, then D # 0 for [ basis functions.

Let §; ¢ supp,B;. If (; lies to the left (right) with respect to the discrete
support of B; then the last column (row) of the determinant D consists of zeros,
that is, D = 0. If (; € supp,B; and D = 0, then there exists a nonzero vector
c = (c_3,...,¢—4) such that

—4

S(Ck‘):ZCJBJ(Ck)a k:_3a"'7l_47

j=—3

that is, the spline S has [ zeros. But this contradicts Lemma 5.4, which states
that S can have no more than [ — 1 zeros. Hence ¢ = 0 and D # 0.

Now it only remains to prove that D > 0 if (5.31) is satisfied. Let us
choose x, + 7 < (. < w1 — 7 for all k. Then the diagonal elements of D are
positive and all the elements above the main diagonal are zero, that is, D > 0.
It is clear that D depends continuously on (i, k = —3,...,l — 4, and D # 0 for
(k. € supp,By. Hence the determinant D is positive, if condition (5.31) is satisfied.
This completes the proof. O

The following three statements follow immediately from Theorem 5.5.

Corollary 5.2. The system of discrete GB-splines {B;}, 7 = —3,...,N — 1,
associated with knots on R, ; is a weak Chebyshev system according to the definition
gwen in L. L. Schumaker (1981), that is, for any (_3 < (_g < -+ < {y—1 in Ry
we have D >0 and D > 0 if and only if condition (5.31) is satisfied. In the latter
case the discrete generalized spline S(x) = Zj.vz__l?) b;B,(z) has no more than N +2
zeros.
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Corollary 5.3. If the conditions of Theorem 5.5 are satisfied, then the solution
of the interpolation problem

exists and is unique.

Let A ={a;;},i=1,....,m, j =1,...,n, be a rectangular m x n matrix
with m < n. The matrix A is said to be totally nonnegative (totally positive)
(see, e.g., S. Karlin (1968)) if the minors of all order of the matrix are nonnegative
(positive), that is, for all 1 < p < m we have

det(a;;,) >0(>0) forall 1<i<---<i<m, 1< <---<j,<n.

Corollary 5.4. For arbitrary integers —3 < v_g < -+ < vy < N —1 and
(-3 < (o< -+ <(painR,, we have

D, =det{B,,(¢;)} >0, i,j=-3,...,p—4
and strict positivity holds if and only if
G € supp,B,,, 1=-3,...,p—4
that is, the matriz {B;((;)}, i, = —3,..., N — 1 is totally nonnegative.

The last statement is proved by induction based on Theorem 5.5 and the
recurrence relations for the minors of the matrix {B;(¢(;)}. The proof does not
differ from that of Theorem 8.67 described by L. L. Schumaker (1981) p. 356.

Since the supports of discrete GB-splines are finite, the matrix of system
(5.32) is banded and has seven nonzero diagonals in general. The matrix is tridi-
agonal if (; =x;40,1=-3,...,N — 1.

An important particular case of the problem, in which S’(z;) = f/,i =0, N,
can be obtained by passing to the limit as (_3 — (2, (v—1 — (n_2.

C. De Boor and A. Pinkus (1977) proved that linear systems with totally
nonnegative matrices can be solved by Gaussian elimination without choosing a
pivot element. Thus, the system (5.32) can be solved effectively by the conven-
tional Gauss method.

Denote by S~(v) the number of sign changes (variations) in the sequence of
components of the vector v = (vy,- -+ ,v,), with zeros being neglected. S. Karlin
(1968) showed that if a matrix A is totally nonnegative then it decreases the
variation, that is,

ST(Av) < S7(v).

By virtue of Corollary 5.4, the totally nonnegative matrix {B;((;)}, i, =
—3,..., N —1, formed by discrete GB-splines decreases the variation.

For a bounded real function f, let S~(f) be the number of sign changes of
the function f on the real axis R, without taking into account the zeros

Si(f)zsupsi[f(égi)a7f(Cn)]7 C1<C2<"'<Cn'
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Theorem 5.6. The discrete generalized spline S(x) = Z;V:__lg b;B;(x) is a varia-
tion diminishing function, that is, the number of sign changes of S does not exceed

that in the sequence of its coefficients:

s,;f( NZI bij) <S5 (b), b=(bs,... ,by_1).

i=-3

The proof of this statement does not differ from that of Theorem 8.68 for
discrete polynomial B-splines in L. L. Schumaker (1981).
By Theorem 5.6, the spline
N-1
Sp(x) = Y fyj42)B;()

j=—3

is a variation diminishing function. It enables us to write the inequalities

ST(Sp) = 57(F) <57 (f),
where £ = (f(y-1), ..., f(yn+1))-

Since in addition by Theorem 5.3, the locally approximating discrete gen-
eralized spline Sy is also exact for polynomials [ of first order, we arrive at the
inequality

ST(Sy=1)=5(Sp1) <S7(f = D).

Thus, the following statement is true.

Theorem 5.7. If b; = f(yj42), j = —3,..., N — 1, then the locally approximating
discrete generalized spline Sy intersects an arbitrary straight line at most as often
as the function f.

5.7 Examples of Defining Functions

Let us give some choices of the defining functions ®; and ¥, for discrete
generalized splines that conform to the sufficiency conditions derived earlier in the
chapter.

Putting

‘Ifl<:L‘) = w@@f)h? = w(ph%z‘Li’%zRivt)h?? (I)Z(x) = w(Qia%ﬁjb 7A—z‘ﬁ-ilv 1- t)h?,
7 =1t e =1 b =i+ 0 <p,g < oo,

we consider some possibilities for choosing the function ; which, by the defini-
tion 5.1, satisfies the conditions

Ui(=71) = ¥i(0) = i(7") = 0, Dagati(1) = by (5.33)
1. Discrete rational spline with linear denominator:

1

1+pi(1—t

bi(t) = ¢ L THE =70
(2 (2 ) .
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2. Discrete rational spline with quadratic denominator:

Vi(t) = C;

3. Discrete exponential spline:

Qﬁz(t) = C'i(t + %Li)t(t _ %Ri)e—pi(l—t)'

4. Discrete hyperbolic spline:

hp a1
] —|—C’i72[coshpit —-1- t%

T
i T

5. Discrete cubic spline with variable additional knots:

sy = LEZeit A= a)(t—ai =)
T g 3(1 — ;) + €1 — & ’
g = AjRi - %jLi, j=di+1; a;=(1+p) "

The points z; + a;h; and x; + Bih; (B; = 1 — (1 + ¢;)™') fix the position of two
additional knots of the spline on the interval [z;, z;11]. By moving these knots one
can perform a transfer from a discrete cubic spline to piecewise linear interpolation.

6. Discrete spline of variable order:

Wi(t) = Ci(t 4+ 71tk — 78), ki =1+ g,

The constants C; in the expressions for the function ¢; above are calculated from
the condition (5.33) for the second divided difference of ;. To find C;, k = 1,2,
one needs additionally use the condition ¢;(—7") = 0. It is easy to check that in
all cases 1.-6. we get the corresponding defining functions of B. I. Kvasov (1996a)

by setting %]»L" = %]R" =0,7=11+1



Chapter VI

Finite-Difference Method for 2-D
Shape Preserving Interpolation

In this chapter 2-D problem of shape-preserving interpolation is formulated
as Differential Multipoint Boundary Value Problem (DMBVP for short) for thin
plate tension splines. For a numerical treatment of this problem, we consider its
finite-difference approximation. This gives a system of linear algebraic equations
which can be solved either by direct and iterative methods. As a direct method,
we suggest to consider a block Gaussian elimination. For iterative solution of
the obtained linear system, we apply Successive Over-Relaxation (SOR) method.
Finite-difference schemes in fractional steps also prove their efficiency in the nu-
merical treatment of our DMBVP.

6.1 Problem Formulation

In this section, we introduce necessary notations and define 2-D problem of
shape-preserving interpolation as DMBVP which consists of differential equation,
smoothness, interpolation, and boundary conditions.

Let us consider a rectangular domain Q = Q U T where

Q={(z,y) |la<z<b c<y<d}
and T is the boundary of Q. We consider on () a rectangular mesh A = A, x A,
with
Ay:a = o<1 <---<2Tny1 =D,

Ayic = yp<y < - <ymy =d,

which divides the domain Q into the rectangles ﬁij = ();; UT;; where

Qij = {(z,y) | v € (3, 2i41), ¥ € (Y5, Y1)}
and I';; is the boundary of ;;, ¢ =0,...,N, j=0,...,M.
Let us associate to the mesh A the data
(IEi,yj,fij), ZZO,,N—I—L jZO,,M—f—l,
JRO T ASONEL =0 M,
fyo i= 0, N+1, j=0,M+1,
fij272)7 Z:07N+17 ]:07M+17
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where o £ )
(r,s) s Ty Yj
= " 5 =0,2.
Ji ox"Jy*
It is convenient for us to collect this data in the following table.
22 0.2 0,2) 02 0,2) 2.2
St | St Sirer - Siate Sntare | SNiiare
2,0 2,0
fé,M)H Jom+1 Simer 0 fNmer INvim f](\H-%’MJ,-l
2,0 2,0
oar | foar S v v | SN
2,0 2,0
é,1 ) fo fir o faa st fz(v+1),1
(2,0) (2,0)
0,0 Joo Jio o [ IN+10 INii0
(2,2) (0,2) (0,2) (0,2) (0,2) (2,2)
0,0 0,0 1,0 e fN,o fN+1,0 fN+1 0
We introduce the following notations for divided differences:
flesyl = flziy) = fij,
@it - T Y] — floe, - 13y
f[wia"'7$i+k;yj] = [ = a J] [ el J]a
Titk — Ty
k=1,...,N+1,

i=0,.... N+1—k, j=0,...,M+1,
fles yists -y — flesys, - i)
f[xlayj77yj+l] = ths s ] ths P
Yi+l — Yj
I=1,...,M+1,
i=0,...,N+1, j=0,....M+1—1

In particular, one has for the first order divided differences:

f[xi7$i+1§yj] = (fi+1,j_fij)/hi; hz‘zl‘z‘ﬂ—iﬂi;

1=0,...,N, 7=0,...,M+1,
f[$i§yjayj+1] = (fi,j+1_fij)/lja lj:ijrl_yja

1=0,...,N+1, 7=0,..., M.

Definition 6.1. The data f;; is said to be
positive (negative) if

fi; >0(<0), forall iandsj,
monotonically increasing (decreasing) by x if
flxi, wiv;y] >0(<0), i=0,...,N, j=0,...,M+1,
monotonically increasing (decreasing) by y if
flziiyi,yiea] >0(<0), i=0,....N+1, j=0,...,M,
convex (concave) by x if

f[xzaxl—i-hy]]_f[xz—laxuyj]>O(<O)a Z:]-):Na ]:0,,M+1,
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convex (concave) by y if
f[‘ruypy]—i-l]_f[xwy]—hy]]>0(<O>7 7':077N+17 ]:177M

We denote by C?2[Q)] the set of all continuous on Q functions f having
continuous partial and mixed derivatives up to the order 2. We say that the
problem of searching for a function S € C%*?[Q] such that S(z;,vy;) = fij; i@ =
0,...,N+1; 5=0,...,M + 1, and that S preserves the form of the initial data
is the shape-preserving interpolation problem. This means that where the data
increases (decreases) monotonically, S has the same behavior, and S is convex
(concave) over intervals where the data is convex (concave).

Evidently, the solution of the shape-preserving interpolation problem is not
unique. We are looking for a solution of this problem as a thin plate tension spline.

Definition 6.2. An interpolating thin plate tension spline S with two sets of ten-
sion parameters {p;; >0|i=0,...,N; j=0,...,M + 1} and
{¢; >0]i=0,...,N+1;, j=0,...,M} is a solution of the DMBVP

LS:64S+2 845 845_ <pij)2825 <qz~j)282_S:
= ayz

Oxt 0x20y? * oy* 0 (6.2)

hi

ox?

L.

J

in each Q;;, i=0,...,N; 7=0,..., M,

845 Dij 2825
%_(h_l) wzo, xe(xhxi-i-l)a Y =Yj, (63)
i=0,...,N; j=0,...,M+1,

oS qij 2825
o (1) G0 o= e o

1=0,...,N+1;, 7=0,..., M,
SeCc?? ], (6.5)
with the interpolation conditions
S(zi,yj) = fij, i=0,...,N+1, j=0,...,M+1, (6.6)

and the boundary conditions

D(Q’O)S(xi,yj) = D(2’O)f(.§6i,yj), ZZO,N+1, j :0,...,M+1,
D(O’Q)S(Ii,yj) = D(O’Q)f(l’i,yj), ZIO,,N+1, j :0,M+1,
D(2’2)S (.TZ‘, y]) = D(2’2)f (.Z’i, yj) 3 1= 0, N + ]., j = 0, M + 1,

(6.7)
where
ar—i—sf (xia y]) .

D(T’,S)f (:C” y]) — axrays ;

r,s =0,2.
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If all tension parameters of the thin plate tension spline S are zero then one
obtains a smooth thin plate spline, see J. Hoschek and D. Lasser (1993), interpolat-
ing the data (z;,y;, fi;); i =0,...,N; 7=0,..., M. If tension parameters p;; and
qij approach to the infinity then in the rectangle Q;;; i =0,...,N; 7 =0,..., M;
thin plate spline S turns into a linear function separately by z and y, and obvi-
ously preserves on ﬁij shape properties of the data. So, by changing values of the
shape control parameters p;; and g;; one can preserve various characteristics of
the data including positivity, monotonicity, convexity, as well as linear and planar
sections. By increasing one or more of these parameters the surface is pulled to-
wards an inherent shape at the same time keeping its smoothness. Thus, DMBVP
gives a reasonable mathematical formulation of the shape-preserving interpolation
problem.

6.2 Finite-Difference Approximation of
DMBVP

For practical purposes, it is often necessary to know the values of solution S
of a DMBVP only over a prescribed grid instead of its global analytic expression.
In this section, we consider a finite-difference approximation of the DMBVP. This
provides a linear system which solution is called a mesh solution. It turns out
that the mesh solution is not a tabulation of S but it can be extended on £ to
a smooth function U which has shape properties very similar to those of S and
which provides a second order approximation of S as the discretization step goes
to zero. Due to these properties, we will refer to U as a discrete thin plate tension
spline.

Let n;,m; € N, i =0,...,N; j =0,...,M, be given such that h;/n; =
l;/m; = h. We are looking for a mesh function

{uik;ﬂ|k:—1,...,ni+1; i=0,...,N: z=—1,...,mj+1;j:0,...,M}

satisfying the difference equations

2 2
M+2Amyhﬁ—(&Q_M—<&0,M

hi lj uik;jl = 0, (68)

A =

k=1,...mi—1;i=0,... N:l=1,...,m;j—1; j=0,..., M,

2
()
_ o ifj=0,...,M—1,
B O,WM lfj:]\47

Uskzj1 = 0, (6.9)

k=1,....n;—1;1=0,..., N;

2
Ag - (%) A2] Uik 51 = 0, (610)
J
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0 ifi=0,... N—1
k= e ’ ’ T l=1,. m; —1; 7=0,..., M
0’ nN 1f Z — N’ ) ) ) ] ) .] ) ) )
where
Ui fo—1:51 — 2Uiksji + Wikt 151
Mg = 02 , (6.11)
Uik:jl—1 — 2Wikyji + Uik:j 41
Nowipi = 02 , (6.12)
2 I
Mtinge = 7 | Yik-2it — Aije—150 + Ot — Wlirign + Uik (6.13)
, )
N = 71 | Yakii—2 — Aipji—1 + OUig i — Higsjig1 + Uik;j,l+2} , (6.14)
AiAoui = i Ui k—135,0—1 + Wi k—15504+1 T Ui k+1;5,0—1 T Wi k155,041

The smoothness

—2U; p—1:51 — 2Ui pt15j1 — 2Uikyi—1 — 2WUikji41 + 4u7jk;jli|(6.]_5)

condition (6.5) is changed into

Ui—1,n4_1;51 U40;515
WUi—1mi_1+1350 — Wimim,_1—1;50 Uil — Ui —1;51 (6 16)
2h 2h ’ '
Alui—l,ni,l;jz Aluio;jh
i=1,...,N; 1=0,...,m;, 7=0,..., M,
Wikij—1m;—y =  UWUiks50,
Wik;j—1,my 141 = WUiksj—1,my;_ -1 Uikl — WUik;g,—1 (6 17)
2h 2h ’ '
A2uik;j—1,mj_1 = A2“ik;j07
k=0,....,n;,1=0,...,N; 5=1,..., M.
Conditions (6.6) and (6.7) take the form
U;40;50 fija UN,n ;50 fN+1,j, (6 18)
Uio;M,mp; = fi,MJrl; UNnyn;Mmpy = fN+1,M+17
1=0,....,.N, 7=0,.... M
and
Aqugo;jo ij . J=0,...., M; A Uo0;0 fo,M+17 (6.19)
(270) > . J— (270) . '
AluN,nN;jO fNJrl,ja J= 07 cee >M> AluN,nN;M,mM - fN+17M+1?
(072) Y . I (072) .
A2ui0;00 fio ) ? Oa s >N7 AQUN,nN;OO - fN+1707 (6 20)
A i (072) — O N A (072) . '
2Ui0; M, m s fi,M+17 — Uy 4y, 2UN nn; Mmy N+1,M+1>
_ (2,2), (2,2) .
A11\21600;00 = Joo A1A2UN,nN;00 N+1,00 (6 21)
A A f(2’2) . A A _ f(272) :
132U00; M, m s 0,M+1 1A2UNnysMmy = JN31L,M1e
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The conditions (6.16) and (6.17) are equivalent to the relations

Ui—1,m;_1+k;50 = Wik;jl, (622)

k=-1,0,1; +=1,...,N; 1=0,....,mj; j=0,...,M;
WUik;j—1,mj_14+1 = Wik;jl; (623)

k=0,...,n;; ¢=0,....N; [=-1,0,1; j=1,..., M.
Difference equations (6.9) and (6.10) can be solved separately as 1-D problems.
Then, we obtain

A _ Uo—1;Mumay — 2U00sMmy F UOLMma (2,0)
1U0O; M myr = 12 — JOO;M,m 0
A _ UNny—1LMmy — QUN,TIN;MJ?%M T UNny+1;Mmay
1UN ;s Mmpy = 2 anN,MmM’
A _Up 151 — 2Uoog + Uotgl  (2,0)
1Uo0;51 = 12 — Jooyl»
A _ UNpay—131 — 2UN il T UN 1550 (2,0)
1UNny;il = B2 f Nnn;jlo
[=0,....m;—1, j=0,..., M,
A _ UNa0.-1 — 2UNny:00 T UNay0l  (02)
2UNny;00 = 12 N,ny:00
A _ UNpyMma—1 — 2UN gy Mma F UNsMumar+l  (0,2) .
2UN s Mmayr = 12 — JNnN;Mmp
A  Uik0,—1 — 2Uk00 + Uik01 | 4(0,2)
2Uik;00 = 12 - fik;OO?
A Uik Manp -1 — 2WikMony T Wik Mana+1  (02)
2uik’;M,m1u - h2 - fik;M,mM’

k:(),,nz—l, Z:O,,N

Therefore, the above equations can be rewritten in the simple form

U0, —1;M,m = h2f00 Moy, T 20000 mp; — U01;Mmy s
UNny+1;Mmy — th](VQSJ)\, M, mag + 2uN nn;:Mmay — UNny—1;Mmp
Ug,—1:1 = h2f00 T 2uo0550 — oy
UN 41351 = 12fy T?J)V g1 T 2UN il — UN 15
[=0,....m;—1, j=0,...,M, (624
UN ny:0,—1 = h2fN nN,oo + 2UNny:00 = UNnp:01, '
UNny;Mmy+1 = hZfN N M,moay + 2UN,nN;M,mM — UNnn;Mmap—1
Uik:0,—1 = h2fl;?§0 + 2Uik;00 — Uik;01,
Wike; M mpr+1 = thzk M,my + 2wy sMomar — Wik Mmar—1,
k=0,....,n;—1, 1=0,...,N.

/

If we substitute relations (6.24) into equations (6.8) then the unknowns outside Q
are eliminated. Relations (6.22) and (6.23) permit us to eliminate the following
unknowns

Uik; 51, k’:—LTLz—f—l, i:O,...,N, l:O,...,mj, j:O,...7M,
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and
Uik; 51, kZZO,...,ni, i:07...,N, l:—l,mj+1, jZO,,M

Eliminating interpolation conditions (6.18), we obtain the following number of

unknowns
V= vy — Uy, (6.25)

where v, =1+ ng, v, =1+ ij‘io m; and vy = (N + 2)(M + 2).

Now, we are going to show that the number of unknowns and the number of
equations in the above difference equations is the same. The number of conditions

from (6.8), (6.9) and (6.10) are ur = ZﬁMtoVo(m —1)(m; — 1), pry = (M +
2) [Zz‘]\io n;—(N+1)] and pry, = (N + 2)[2] o™ — (M +1)] with respectively.
Therefore, the total number of conditions for solving this problem is

ft = pr + fire + pry. (6.26)

Now, we want to show v = p. Let us consider

Vply = (1+ini)(1+iom])
— 1+inl+§:mj+§:nlimj
inf}m = [ém—lmmnﬂ’_O<mj—1>+<M+1>]
- é<nz—1>§;<mj—1>+<M+1>ij< -1)

= MT‘I—(M-i—l)[ini—(N-f-l)}

N+ 1) [ Yo my = (M +1)] + (M + (N +1)

=
=

—NT+<M+2)[Z N+1} [Zn N+1)}

A2 Sy = 0+ 1) = [ - 01-41)
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N M
= pr A+ pire + iy — Y i+ (N 1) =Y my+ (M +1)
i=0 =0

+(M +1)(N +1)

Uy = pr+pirg +pry+(M+1D)+(N+1)+(M+1)(N+1)+1
= u+M+1)(N+2)+(N+1)+1
= u+M+1)(N+2)+(N+2)=p+(M+2)(N+2)
= ptur

V=1Vl —Vr = [

6.3 Matrix Formulation

Finite-difference equations (6.9) and (6.10) can be solved separately as 1-D
problems. Therefore, there are (n; — 1)(m; — 1) unknowns and same number of
difference equations (6.8) in each €;;, i =0,..., N, j =0,..., M. Then the above
system of difference equations can be written in matrix form as follows

Au = b, (6.27)

where

U = {uik;jl}7 b= {bik;jl}7

~
&
o
2
~

—_
—_

& =
=l

© =~
~

I By Ay By I
I By Ay Bu
I By Ay-1
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[ OéQj -1 ﬁOj 1 ]
Boj  aoj Boj 1
1 ﬁOj Qpj 50]‘ 1

1 50]' Qoj 50]'
—_ 1 60]' an 1
4; 1 o By 1 ’
51;‘ Qi 51;‘ 1

1 5Nj anN; 5Nj 1
1 ﬁNj QNj 5Nj
i 1 By anj—1 ]

g 1 -
1 —70j 1
1 —70j 1
— 1 —0i
B; = 2+ ! :
J —V1j 1
1 _’Ylj 1
1 _’YNj 1
a L L/
q p g\’
Whereawz (—J> (”) 6”—8+<”> andfyw—S—i—(”),
n m; n; m;
1 =0,.. = 0,...,M, and the description of the right side b is given in

Appendix A.

For solving equation (6.27), A must be well defined. So, we are going to
investigate the properties of A. Positive definiteness of A is one property that we
are interested to have. If A is positive definite matrix then equation (6.27) can be
efficiently solved by direct or iterative methods.

Any linear operator in a finite dimensional space can be represented in

a matrix form. Let the matrices, A, A® and A® represent the difference
2 2
operators A? — (’%) Ay, A2 — (%) Ay, and 2A; Ay, respectively.
7 J
To show that the matrix A in (6.27) is positive definite, let us represent this
matrix in the following form

A= AW 4+ A® 4 A®

where
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1
1
N L
&g, 04 1

1 1 1j
1By oy, By 1
L NG (1)
R
1 Nj aNj_l

2 2 )
n; n;

1 |o? v
‘71(2) ﬁ1(2) ‘71(2) I

Mosh Hb o se
o
ij
(2)
o | R @
9 2
UN] i L al] = (TLZ—I)
_ B 6(2) ]
(2)
’ Vi (2)
2
2 2 B ﬁl < (ni—1)
) ’ 51(32)2—4 (@) ’ 1 =0, aNa.]:O’ 7M’
m;
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U®
AB) = ,
o M+1
B U(3) 7(3) 7]
7(3) U(3) V(S)
fj(?)) — c. . ,
7(3) U(S) V(3)
—(3) (3)
- Vo U Ly _
-2 1
[ VB 1 -2 1
7(3) _ ’ Ve — ’
1748 Nt 1 -2 1
) 1 -2
L - (nl—l)
U(3) _ _27(3)

Since Uj(l) has the same pattern as the coefficient matrix of 1-D DMBVP
which is positive definite matrix then for all eigenvalues of this matrix we have

UMY >0, j=0,...,M.

Therefore,

MADY >0 (6.28)
because )\(U;l)) > 0, 45 = 0,....,M 1is a collection of eigenvalues
A(ﬁ;l)) >0, j=0,...,M. And )\(173(1)) >0, j =0,...,M is a collection

of eigenvalues A\(AM) > 0.

For any u € R", there exists an unique permutation matrix P € R™*" and
a vector v € R™ such that
u = Pu,

where n = (n; — 1)(m; — 1)(N + 1)(M + 1), PPT = PTP =1,

Vjl;ik = Wiksjls
k=1,...,n—1;4=0,...,N; [=1,...,m; —1; 5=0,..., M.
Let us consider
APy = AP Ppy
MADy = NA®@)Py = PA(AP)w.

Then
PTA® Py = \(AP)w.
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Therefore, B = PTA® P and A® have the same eigenvalues A(A®) and B®
has the same structure as AY. In the same way as for A, we obtain that

Therefore,

MA®) > 0. (6.29)

Since A\(V®)) < 0 (see M. A. Malcolm (1977)) and )\(V(g)) is a collection of
eigenvalues A(V®)) then
AV <.

For any u € R™ where n = (n; — 1)(m; — 1)(N + 1)(M + 1), we obtain

AU = UO

B ol T
v I -2l I
V(?’) I =21 I

_ 7o | | I -2 |
= W(3)W(3)u
= WOANT )y
= AWy WOy
= ATDAWO)y

Therefore,

ANT®) = XA ).

As A(W®) is a collection of eigenvalues /\(7(3)) then applying the idea of
M. A. Malcolm (1977), we obtain A(W®) < 0 and A(W") < 0. Therefore,
MU®) > 0. Since A\(A®)) is a collection of eigenvalues A(U®)) > 0 then

AMA®) > 0. (6.30)

Since A = AW + A®@ + AB) matrices AV, A® and A® are symmetric
matrices, and A(AM) > 0, A(A®) > 0, A(A®)) > 0 then

AA) > MAW) 4 A(AP) £ X\(A®) > 0.

Therefore, A is a positive definite matrix.
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6.4 Successive Over-Relaxation (SOR)
Algorithm

From previous section, we know already that the coefficient matrix A of our
linear system is symmetric positive definite matrix. Therefore, iterative methods
such as Jacobi, Gauss-Seidel, etc. should ever converge to the solution of this
system. In general, the convergence of Gauss-Seidel method can be accelerated by
using a relaxation parameter w. This give us successive over-relaxation (SOR for
short) method which is chosen for solving the system of difference equations.

For the numerical treatment of the finite difference problem (6.8)—(6.21)
first we solve 1-D difference equations (6.9) and (6.10) on the main mesh A by
algorithm of Chapter 4.

Then on the refinement we define a mesh function

{ug |k =1,....n, i=0,...,N, I =1,...,my, j=0,..., M}

by a piecewise linear interpolation of the initial data either in x or y directions.
In each subdomain €;, ¢ = 0,...,N, j = 0,..., M, difference equations
(6.8) can be rewritten in the componentwise form

Wiksjl—2 + 2Ui k—150-1 — VijWikyji—1 T 2U; k155,01 + Wi k—2;51
—BijUi k-1t + Qijlikji — BigUi g1t + Wigt2,0 + 2Ui k—15,04+1
—YijUik;ji+1 + 2Ui k15041 + Uikjiv2 = 0,

or

1
Uikt =~ Bij | Wik—1341 + Ui k10 | + Vig | Wikji—1 + Uik

v

-2 |:uz‘,k—1;j,l—1 + Ui k—15,041 T Ui kt1:50-1 T+ Ui,k+1;j,l+1:|

Uik i—2 — Wikyji+2 — Wik—2:51 — Ui,k+2;jl}> (6.31)

2 2 2 2
Where%=20+2(%) +2(%) ,@-j=8+(%) and%j=8+(%) .
7 i g

J
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Figure 6.1: Interpolation domain with main mesh and a refinement.
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Now to obtain a numerical solution on the refinement we apply in each
subdomain ;;, 1 =0,...,N, 7=0,..., M, SOR method:

_ 1 (v+1) ) (v+1) )
Uikl =~ {@j |:U’i,k—1;jl U g | T Vig Wik T Wik
ij

(v+1) v) (v+1) (v)
—2 {uz’,k—l;j,l—l T U k11 T Uik 150—1 T Wi k105,041
(v+1) (v) (v+1) (v)
TUWii—2 T Wikgive T Wik—2.1 — Wi g1 (o (6.32)
w+1) (V) — (v)
Wiy = Uy + W( Wikt — W), (6.33)

where l <w <2, k=1,...,n,—1, i=0,...,N,
l=1,....m;—1, j=0,...,M.

The formula (6.32) gives an approximation by Gauss-Seidel method while
the next step (6.33) is used for the acceleration of the convergence.

Note that near the border of the domain 2 the extra unknowns ug 1,5,
U+, J = 0,0, M, 1 = 1,...,m;, and Uir0,—1, Wikm411, ¢ = 0,..., N,
k = 1,...,n; are eliminated using the equations (6.19) and (6.20) and do not
participate in the iterations.

The described above approach can be formalized as the following algorithm.

Algorithm 6.1. SOR method for solving the system of difference equations.
Let u be the approximate solution of the system (6.8)—(6.21), € be an error bound
of exact solution of this system and v be an iteration number.

1. Input the data
N7 M7 h’ w? 87
(wiayjafij)a Z:O>7N+1732077M+17
FEO =0, N+1,j=0M+1,
FOD 0 N+1, j=0,..., M+1,
FED 0 N+, j=0M+1.

2. Calculate the following quantities:
hi, ng, ’i:O,...,N,
lj, m;j, j :O,...,M,

a;j, Bij, and y;; foreachi=0,...,N, j=0,...,M.

)

3. Define tension parameters p;;, ¢i;, ¢ =0,...,N, j =0,...,M by one of
1-D algorithms of shape preserving interpolation.

4. Solve the difference equations (6.9) and (6.10) as 1-D problems to find:

0 ifi=0,...,N—1, B .
WUik;j1, k—{ O,TLN lf’L:N, l—l,...,m]'—l,j—o,...,M,



B . /0 if;j=0,...,M—1,
Uik;51, k—l,...,ni—l,z—O,...,N, l—{ O,mM lfj:M,
(2,0) |0 ifi =0, _ o .
Wjg il k:—{nN if i — N, l=1,....m;—1, j7=0,...,M,
. if j =
U§2321)7 k=1,...,n,—1, 1=0,...,N, l:{glM 1f§:(])\’4
5. Apply the equations (6.24) to find
U, —1:51, UNny+1;:50 [ = 17"'7mj7 .7: OavMa
uik;o,,l, uik;M’mMH, k= 1,...,ni, ZIO,,N

6. Find the initial values
up k=1, —1,i=0,... N, I=1,...,mj—1,j=0,...,M
by using a piecewise linear interpolation.

7. Make the iterations:

v=20
DO WHILE  max i) —ul) > e
DO j=0,...,M
DOi=0,...,N
DOIl=1,...,m; —1
DOk=1,...,n;—1
Find @ by the equation (6.32).
Find u®* by the equation (6.33).
END DO
END DO
END DO
END DO
v=v+1
END DO

8. Print the output
v (v) (v) d (v)
Upo;000  Uooijrr  Wikioos AN Uiy

k=1,...,n;5, 1=0,....,N, l=1,...,m;, j=0,...,M.
In this algorithm the computer time, especially the operation count, is
around 18n, i.e. O(n), for each iteration where n is the number of unknowns

in the interpolation problem. The required memory is about n. The algorithm
can be easily converted into a programming code.

6.5 Method of Fractional Steps

In recent years computers’ evolution is going dramatically fast. Computers
have been improved a lot and became much more powerful. One of the new types
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of computers is a multi-processing computer. So, we should develop algorithms
that support and could be suitable for this evolution. In this section we introduce
the method of fractional steps (see N. N. Yanenko (1971)) for solving 2-D shape
preserving interpolation problem. This method splits the original 2-D problem into
a set of 1-D problems. At each step one has to solve m linearly independent 1-D
systems of linear equations where m is the number of 1-D problems in appropriate
direction. Therefore, we can solve each of these systems of linear equations at
every step by m independent parallel processors. This method is preferable for
multi-processing computers.

Let us consider along with the 2-D DMBVP (6.2)—(6.7) the unsteady prob-

lem
ds ) . .
E—FLS = 0 ineach @, i=0,...,N, 7=0,...,M, (6.34)
3(1‘,]/,0) = So(l',y) (635>

with the same smoothness, interpolation and boundary conditions (6.3)—(6.7). De-
note by S(z,y) the solution of the problem (6.2)—(6.7) and by s(z,y, t) the solution
of problem (6.34), (6.35), (6.3)—(6.7). Then

v(@,y,t) = s(z,y,t) = S(z,y)
satisfies the equation (6.34) with the initial conditions
v(2,y,0) = vo(z,y) = so(x,y) = S(z,y),
the smoothness conditions (6.5), and zero boundary conditions
vo(z,y) =0 for (z,y) € A,

62’00

2| =0

r

82’(}0
on? . . .
The function v(z,y,t) is represented in the form

v(z,y,t) = Z Z Ak, (t) sin (klw ; xiﬂ) sin (k’gy ; Yi 7T) : (6.36)
J

ki1=1 ko=1 v

where is the second normal derivative of vy across the boundary I'.

(.T,y)GQij,iZO,..‘,N,j:O,...,M,
where
Atk () = @ijrympe™™ 2, (6.37)

2
b, = 71-2 ﬁ ’ + @ ’ + @ ’ ﬁ ’ + qﬂ ’ @ ’
Y hi l; hi hi l; l;

is the Fourier coefficient of the function v(z,y,t); aijkk, is the Fourier coefficient
of the function wvy(z,y) on ;.
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Formulae (6.36) and (6.37) can be represented in operator form

v = B(t)vp.

The operator B(t) in space Ly(£2) has the norm

—72b
1B = e, b=maxby

It follows from this that
|B(t)]| — 0, t — o0.
This means that
[o(z,y, ) = lls(z,y,t) = S(z,y)| =0 ast — oo,

i.e., the solution of the unsteady problem approaches the solution of the steady
problem with the same smoothness, interpolation, and boundary conditions, re-
gardless of the choice of the initial data.

For the numerical solution of the generalized thin plate equation (6.2)
we consider in each rectangular €;;, ¢ = 0,...,N, 7 = 0,..., M, the following
splitting scheme (see N. N. Yanenko (1971))

n+1/2 _ . n
% U2 gt =0, (6.38a)

n+1/2

un+1 —u
+ Wout 4 Wgu 2 =0, (6.38D)

-
where

u:{uik;jl\kzzl,...,ni—l; i=0,... N;l=1,...,m—1; jzo,...,M},
vy :A%_pAh U, =A§ —qhy, U3 =MNAy, p= (pij/hi)2> q= (Qij/lj)Q-

Equation (6.38) can be rewritten in the following form

(I + Tllll)u”“/2 = (I — T\I/3>Un, (6 39)
(I + 1P u" = (I —7Ws)u"tl/2?, '
where [ is an identity operator.
Eliminating from the equations (6.39) the fractional step u"*'/? yields

(I+ 79[+ 7V = (I — 7¥5)%u"

or
|:I + T (\Ill + \Ifg) -+ T2\I/1‘P3] unH = [[ — ZT\Ijg -+ T2‘P§] u”.

After some simple transformations we obtain the following scheme, equiva-
lent to the scheme (6.38),

n+1 n

+ (Ug + Wo)u" T + 2Wgu™ + 7(U, U™t — Uiu") = 0. (6.40)

u —Uu

T
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It follows from this that the scheme (6.40) and the equivalent scheme (6.38) approx-
imate the unsteady generalized thin plate equation (6.34) with the same accuracy
O(7 + h?) as the scheme

—+ (\111 + \PQ)UTH_I + 2\I/3Un = O
-

Let us prove the unconditional stability of the scheme (6.38) or, what is
equivalent, the scheme (6.40). Using usual harmonic analysis (see N. N. Yanenko
(1971)), assume that

ut = nnemz’ un+1/2

T — T YU
k . 6.41
. + k2 ] (6.41)

Tz
= TMn+1/2€6 ~, <= k1

Substituting equations (6.41) into equations (6.38) we obtain for amplification
factors

01 = Mh+1/2 I —ajay 09 = M+l 1—aia
1 — - ) 2 — — 5
M 1 —pyra; +ai M1z L —qy/Taz + a3
(1 — ajay)?
0= 0102 = 2 o
(1 =pvTar +ai)(1 — qy/Taz + a3)

where

4 kih
a; = \/FSHP(l 1)’ kv=1,....ni =1, nih=h,

Nz 2 h
4 koh
agz—h—\éFSiIl2 <%lz)7 kgzl,...,mj—l, mjh:lj.
J
It follows from this that
- (1 —py/Tar +af)(1 — g/Tay + a3)
(1—aa)®> (1 —ayas)?

< =
T (I+a)(1+ad)  1+4a}+ad+ dial
S (]. — a1Q9 ) 2 <1
1+ a10a9
for any 7. The absolute stability of the scheme (6.38) is proved.

Thus, with the above proven approximation property and strong stability
of the scheme (6.38) the solutions u™ of the problem (6.34), (6.35), (6.3)—(6.7)
approaches the solution u of the problem (6.2)—(6.7) if n — oco. However the
scheme (6.38) has the property of incomplete approximation (see N. N. Yanenko

(1971)). By this reason in iterations we have to use small values of the iteration
parameter 7, e.g., \/F/h2 = constant.

Algorithm 6.2. Method of fractional steps for solving difference equations.

Let u be the approximate solution of the finite-difference problem (6.8)—
(6.21), € be an error bound of exact solution of this system and v be an iteration
number.
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. Input the data

N, M, 7, h, ¢,

(v, fij), 1=0,...,N+1,j=0,...,.M+1,
e =0, N+1,j=0M+1,

FOD 0 N+1, j=0,...,M+1,

1,

22 i =0,N+1, j=0M+1.

)

. Calculate the following quantities:
hi7 ng, ’L.ZO,...,N,
lj, mgj, ] :0,...,M.

. Define tension parameters p;;, ¢;;, ¢=0,...,N, j =0,...,M, by one of
1-D algorithms of shape preserving interpolation.

. Solve the difference equations (6.9) and (6.10) as 1-D problems to find:

0  ifi=0,...,N—1, .
Uik: 51, k’:{onN ifi=N l:1,..‘,mj—1,j:0,...,M,
0 if5=0,... M—1,

Uikgt, k=1,...,m;—1,4=0,..., N, l:{o,mM if j =M,

(2,0) |0 ifi =0, _ o .
(e k—{nN ifi— N, l=1,....m;—1, j7=0,...,M,
(0,2) o o . ] 0 if 7 =0,
s, k=1,...,n =1, i=0,..., N, l—{mM it = M.
. Apply the equations (6.24) to find
uO,fl;jlv uN,nNJrl;jl; l= 17"'7mj7 j:077M7
uik;o,_l, uik;M’mMH, /{Z: 1,...,ni, ’L:O,,N

. Find the initial values
up k=1, —1,i=0,...,N, I=1,...,mj—1, j=0,.... M
by using a piecewise linear interpolation.
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7. Make the iterations:

v=20
DO WHILE  ma i) —ul) > e
DO j=0,...,M
DOi=0,...,N
DOl=1,...,m; —1
Find ufy /", k=1,...,n;,—1,i=0,...,N,
by the equation (6.38a).
END DO
DOk=1,...,n;—1
Find ugy ), I=1,...,m; =1, j =0,..., M,
by the equation (6.38b).
END DO
END DO
END DO
v=v—+1
END DO

8. Pri)nt the E)l)ltpllt (
(y 14 V) (V)
Upo,005  Uooj15  Wik;00 and Wikt

k=1,...,n; i=0,...,N, l=1,...,m;, j=0,..., M.

The computer time, especially the operation count, in this algorithm is
around 52n, i.e., O(n), for each iteration where n is the number of unknowns
in the interpolation problem. However, since the numerical solution is updated
at each fractional step, the number of iterations is usually smaller than that in
SOR iterative method. The required memory is again about n. In general, the
method of fractional steps seems to be more preferable and more flexible than SOR
iterative method. It can work on both single and multi-processing computers.

6.6 Numerical Experiments and Examples

The algorithms introduced in the previous sections works well on more
general data than used in examples given below. If the algorithm fails in the
data monotonicity and/or convexity on some intervals then we have to increase
the values of the corresponding tension parameters using algorithm of automatic
selection of shape control parameters. This provides the properties of monotonicity
and convexity for any data.
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Example 6.1. We tried to reconstruct the surface which interpolates the data
(xi,yj, fi;) obtained by taking of Akima’s data in Table 4.1 both in = and y direc-
tions and using the formula ﬁj = fi + f;. Figures 6.4 and 6.5 show data points
and the three-dimensional view of the initial data. As shown in Figure 6.6, the
usual thin plate spline with zero tension parameters does not preserve the mono-
tonicity and convexity properties of the initial data. On the other hand, the shape
preserving thin plate spline in Figure 6.7 perfectly reproduces the data shape and
simultaneously keeps a smooth surface.

Table 6.1 shows the numerical results obtained by applying SOR iterative
method with optimal value of the relaxation parameter w and by the method of
fractional steps with € = 0.0005 on a single processor computer. The method of
fractional steps converges about three times faster than the SOR iterative method.
But as was observed in the previous sections, the operation count at each step of
the SOR iterative method is about three times less than that of the method of
fractional steps. Therefore, the performance of both methods on a single processor
computer is about the same. However, on a multi-processing computer the method
of fractional steps should be faster than the SOR iterative method. Therefore, the
method of fractional steps seems to be more preferable and flexible because it
supports and works on both platforms.

Table 6.1: The numerical results in Example 6.1.

Method Tension Iteration Count
Parameters n=>5 n=10

SOR 0 37 342

Splitting 0 13 119

SOR Optimal 28 319

Splitting | Optimal 12 109

Remark: We call optimal tension parameters the smallest possible values of ten-
sion parameters which permit to preserve the data shape. In Table 6.1 (and in
Tables 6.2-6.6 below) we denote by 7 (= n; = m;) the number of nodes of the
refinement in each rectangular €2;; in x and y direction.
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Figure 6.4: The data points.
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Example 6.2. We tried to reconstruct the surface with the initial data shown
in Figure 6.8. Figure 6.9 was obtained by setting all tension parameters to zero.
This surface does not preserve the shape properties of the data. The new surface
shown in Figure 6.10 was obtained by adjusting the tension parameters.

Table 6.2 shows the numerical results obtained by using SOR iterative
method with optimal value of the relaxation parameter w and by the method
of fractional steps with ¢ = 0.0005. The rate of convergence and the results for
both methods are similar as in the previous example.

Table 6.2: The numerical results in Example 6.2.

Method Tension Iteration Count
Parameters n=>5 n=10
SOR 0 18 78
Splitting 0 7 36
SOR Optimal 8 17
Splitting | Optimal 3 9
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Example 6.3. We tried to reconstruct the surface by the data of Thailand’s to-
pography. The initial data was obtained from Mr. Boonleart A. of King Mongkut’s
University of Technology Thonburi, Bangkok. Three-dimensional view of the ini-
tial data is shown in Figure 6.11. Figure 6.12 was obtained by setting all tension
parameters to zero. The surface in Figure 6.12 does not preserve the shape of
the data. The new surface which preserves the shape of data was obtained by
adjusting the tension parameters and shown in Figure 6.13.

Table 6.3 shows the numerical results obtained by SOR iterative method
with optimal value of the relaxation parameter w and by the method of fractional
steps with € = 0.0005. The rate of convergence and the other characteristics of
both methods are again very similar.

Table 6.3: The numerical results in Example 6.3.

Method Tension Iteration Count
Parameters n=>5 n =10

SOR 0 42 384

Splitting 0 15 149

SOR Optimal 44 381

Splitting | Optimal 15 134
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Example 6.4. We tried to reconstruct the surface of the aircraft data. The ini-
tial data was given by Dr. Boris I. Kvasov of Suranaree University of Technology.
Three-dimensional views of the initial data are shown in Figures 6.14 (first pro-
jection), 6.17 (second projection), and 6.20 (third projection). Figures 6.15, 6.18,
and 6.21 were obtained by setting all tension parameters to zero. The surfaces
in Figures 6.15, 6.18, and 6.21 do not preserve the shape of the data. The new
surfaces which preserve the shape of data were obtained by adjusting the tension
parameters and shown in Figures 6.16, 6.19 and 6.22.

Table 6.4 shows the numerical results obtained by SOR iterative method
with optimal value of the relaxation parameter w and by the method of fractional
steps with € = 0.0005. The rate of convergence and the other features of both
methods are again very similar.

Table 6.4: The numerical results in Example 6.4.

Method Tension Iteration Count
Parameters n=>5 n =10

SOR 0 28 161

Splitting 0 9 67

SOR Optimal 28 184

Splitting | Optimal 9 68
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The surface with optimal tension parameters. First projection.
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Figure 6.17: The initial data. Second projection.
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Example 6.5. We tried to reconstruct the surface by the data of the Viking
boat. The initial data was given by Dr. Boris I. Kvasov of Suranaree University
of Technology. Three-dimensional views of the initial data is shown in Figure
6.23. Figure 6.24 shows the piecewise linear interpolation of the initial data which
is not smooth. Figure 6.25 was obtained by setting all tension parameters to
zero. The surface in Figure 6.25 does not preserve the shape of the data. The
new surface which preserves the shape of the data was obtained by adjusting the
tension parameters and shown in Figure 6.26.

Table 6.5 shows the numerical results obtained by SOR iterative method
with optimal value of the relaxation parameter w and by the method of fractional
steps with ¢ = 0.0005. The rate of convergence and the other characteristics of
both methods are again very similar.

Table 6.5: The numerical results in Example 6.5.

Method Tension Iteration Count
Parameters n=>5 n =10

SOR 0 38 349

Splitting 0 14 128

SOR Optimal 38 349

Splitting |  Optimal 14 129
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Figure 6.23: The initial data.
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Example 6.6. We tried to reconstruct the surface of test function with the scat-
tered data,

flz,y) = %e*i[(9x—2)2+(9y72)2} i %6,%(%“)%%(9%1)]

4

L ooy L

Z e il92=7)7+(9y=3)’]

This function is well known and usually used for testing each algorithm. Three-
dimensional views of the test function was shown in Figure 6.27. Figures 6.28 and
6.29 were the initial grid and data points. Figure 6.30 was obtained by setting all
tension parameters to zero. That is considering an approximation of the usual thin
plate splines interpolating the data. Figure 6.31 was obtained by setting optimal
values of all tension parameters. These two figures are quite similar.

Table 6.6 shows the numerical results obtained by SOR iterative method
with optimal value of the relaxation parameter w and by the method of fractional
steps with € = 0.0005. The rate of convergence and the other characteristics of
both methods are again very similar.

Table 6.6: The numerical results of Example 6.6.

Method Tension Iteration Count
Parameters n=>5 n =10

SOR 0 20 81

Splitting 0 7 37

SOR Optimal 20 81

Splitting | Optimal 7 38
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Chapter VII

Conclusions

This thesis aims to develop new efficient algorithms for solving the problem
of shape preserving spline interpolation. Based on formulation of this problem as
1-D and 2-D DMBVP we developed finite-difference methods for approximation
and representation of curves and surfaces that arise when these objects have to
be processed by a computer. The obtained algorithms have substantial compu-
tational advantages, and can work both on single- and multi-processing computers.

The main results of the thesis can be summarized as follows:

1. The problem of shape preserving spline interpolation is formulated as 1-D
and 2-D DMBVP for hyperbolic and thin plate tension splines.

2. Difference approximations for the numerical treatment of both 1-D and 2-D
DMBVP are constructed.

3. The difference equations are transformed into a matrix form with positive
definite matrix of a special structure.

4. Condition number of the matrix is estimated which is independent of the
number of data points but substantially depends of the refinement.

5. The existence of the mesh solution is proved by constructing its extension
as a discrete hyperbolic spline.

6. An upper bound for the distance between a discrete hyperbolic spline and
the corresponding continuous one is established.

7. Explicit formulae and recurrence relations are obtained for discrete GB-
splines. Properties of discrete GB-splines and their series are studied. It
is shown that the series of discrete GB-splines is a variation diminishing
function and the systems of discrete GB-splines are weak Chebyshev sys-
tems.

8. Direct algorithms for solving the system of difference equations are devel-
oped.

9. SOR iterative method for the numerical solution of 2-D finite-difference sys-
tem is considered.
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10. Finite-difference scheme in fractional steps for the numerical solution of 2-D
DMBVP is suggested and investigated. It is shown that this scheme has
properties of approximation and absolute stability.

11. Computer codes in FORTRAN 90 and MATLAB are developed to test our
algorithms of shape preserving spline interpolation.

12. The features and advantages of the new approach in constructing shape
preserving hyperbolic and thin plate tension splines are illustrated by some
(famous) examples.

The results of the thesis can be used in many applied problems and first of
all in CAGD (design of curves and surfaces in the construction of different product
such as car bodies, ship hulls, airplane fuselages, etc.). Other applications include
the description of geological, physical and medical phenomena, image analysis,
high resolution TV system, cartography, etc.
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Appendix A

A Description of the Right Side
in the Matrix Equation (6.27)

For writing a computer code it is important to have a detailed description
of the right side in the matrix formulation (6.27) of the finite-difference system
(6.8)—(6.21),

Au=1>

where
b={bixjlk=1,...,n,—1;i=0,...,N; l=1,...,m;—1; j=0,..., M}

Given below expressions for components b;x.;; were obtained by using equation
(6.24) and equation for 1-D DMBVP.

fork=3,...,n,—3;¢=0,...,.N; {=3,....m; =3; j=0,..., M,
bik;jl:07

fork=3,...,mn;,—3;,1=0,....N; =2, j=0,..., M,
bik;jl:_uik;j,lf%

fork=3,...,n,—=3;i=0,...,N; l=m; —2; j=0,..., M,
bikji = —Uiksji+2
fork=3,...,n;,—3;1=0,....N; =1, j=1,..., M,

bik;jl = YijWik;j,1—1 — 2(%,%1;;’,171 + Uz’,k+1;j,171)7

fork=3,....,.n;,—3;,1=0,....,N; [=1; =0,
(0,2)
bik:ji = VijWiksji—1 — thkJ — 2(Wi g1 + Ui k—130—1 F Wi kt1:5.0-1)

fork=3,...,n,—=3;¢=0,...,.N; l=m; —1; j=0,...,.M — 1,
biksji = VijWikijir1 — 2(Wik—135041 + Wi kt155,041)5

fork=3,...,n,—=3;i=0,...,N; l=m; —1;, j = M,

(0,2)
bik:ji = VijWik:ji+1 — h? fzk] a1 — 2(Wi kg1 + Wi—15,041 F Wikt 1,5041)
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fork=2;:=0,...,N;l=3,...,m; =3, 7=0,..., M,
bik;ji = —Wik—2;j1,

fork=n;—2;1=0,...,N; [=3,...,m; =3; 7=0,...,M,

bik:ji = — Ui k2.1,
fork=1,i=1,...,N;l=3,....m;j—3; j=0,..., M,

biksjt = Bijti -1 — 2(Uig—1550-1 + Uik—1,041),
fork=1,¢t=0;1=3,...,m; —=3; j=0,...,M,

biksji = Bijuig—1;51 — h2fi(,i’2)1;jl = 2(Wi g1t + Ui k15501 T Ui k—135041),
fork=ni—1;i=0,....N—1,1=3,....,m;—3 j=0,..., M,

bik;jl = ﬁz’jui,kﬂ;jl - Q(Ui,kﬂ;j,zq + Ui,kJrl;j,lJrl)a

fork=n;—1,1=N;1=3,... 3'j:0 M,

biksji = ﬁijui,kﬂul h fz k+1 gt~ 2 Wi k411 F Ui 15501 Ui kr135041),

fork=2;i=0,... N; =2, 7=0,..., M,

bikiji = — Ui k—2.1 — Wiksji—2,

fork=2;1=0,...,N; l=m; —2; j=0,...,M,
bik;jl = —Ujk—2;51 — Wiks;j,l+2,

fork=mn;—2,1=0,...,N; =2, 7=0,..., M,
bikji = —Wi k2.1 — Wiksji—2,

fork=mn;—2;i=0,...,N; l=m; =2, j=0,..., M,
ikyjt = — Ui k2,51 — Wiksji425

fork=1;i=0;1=2; j=0,..., M,
_ 2
bik:ji = @jui,k—mz h fZ k 1]z — 2(Wi =141 F Wi k130 + Wi k—150+1)

fork=1,i=1,... N; =2, 7=0,..., M,
bz’k;jl = 6ijui,k—1;jl — Uik;5,1—2 — 2(ui,k—1;j,l—1 + Ui,k—l;j,l+1)7

fork=n;—1,¢1=0,.... N-1;1=2; 7=0,..., M,
bikijt = Bijli k151 — Wikji—2 — 2(Ui 15501 + Ui kr15,041),

fork=n;—1,i=N;1=2;, 5=0,..., M,
(2,0)
biksji = Bijui 1,50 — h° fl Trtgt = 2(Wika1g0-1 + Wiky10 T Wikt1g041),

fork=2;i=0,...,N; l=1; =0,
_ 2 r(0,2)
bik:ji = VijWik:j1—1 — Ui k—2:51— h fl;w 11— 2(Wi k—15,1—1 F Wik ji—1 F Wikt 150-1)



for k =2; i
bik:ji
for k=2; 1
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=0,....N;l=1;,5=1,..., M,
= YijWik;j,1—1 — Ui k—2;51 — Q(Ui,k—l;j,l—l + Ui,k+1;j,l—1)7
=0,...,N; l=m;—1; 7=0,...,M — 1,

bikjt = VijUik;ji—1 — Wi kt230 — 2<ui,k71;j,lfl + ui,kﬂ;j,m),

fork=2;i=0,...,
bik;jl
fork=1;i=1,...,
biksji =
fork=1;,i=1,...
bik;jl—
fork=1;,i=1,...,

biksji = BijUik—1551 —

fork=1;i=0;1=1;, 7=1,...,

bik:ji

fork=1;1=0; | =m; —

bik:ji

fork=1;1=0; | =m; —

+YijWiksji+1 —

= ﬁz‘jui,k—l;jl
+YijWiksji—1 —

= ﬁz‘jui,k—l;jl

+Yij Wik;j1+1 —

N; l=mj —

_ 2
= YijUikgi1 — Uiz — D) -1

Bijik—151 + VijWikiji—1 —

,N; = m; —
= BijUik—1:51 + VijWiksji+1 —

N; l=m; —

Lj:M

—2(Wi =151 F Wikji—1 F Wikt 1:0-1),

, M,
2(i f—1:5,041 + Wikt 1501 + Wik—150-1)5

1, j=0,....,M—1,

2(Ui f—15j,041 + Ui k15,041 + id—1350-1),

1, =M,

2(u;, k L1 T Wi k1041 + Wi k—130—1 + Yiksjit1)
2 £(0,2)

h fzk,}l—&—l’

M,

2(u;, k L1 Wi kt130—1 + Wik—1:0—1 + Wik—151)
2 £(2,0)

—h fz k—1;50°

1 j=0,..., M—1,
2(uy, kL4 + Ui g 14001+ Ui k1501 + Uig—1,51)
2 0)
h fzk 1;50

L; g=M,

bikijt = Bijtik—1:51— 2(Wi k-1, l+1 +u,; k+1 Gl F Wi =101+ Wik i1+ Wi k—151)

for k =n; —
bik: i
for k =n; —
bik;jl
for k =n,; —
bik;jl
for k =n; —
bik;jl

+Yij Wik;j+1 —

1,i=0,...,

h2(fzk7j I+1 + fz k—1; ]l)

N-1l=1,45j=1,...,M,

= BijUikt1,j0 + VijUiksji—1 — 2(Wikr1,0401 + Wi kg 130-1 + Uik—1,5,0-1),

1;:=0,...,

N—-11l=m;—1;7=0,...,.M —1,

= BijWi k131 + VijWikyii+1 — 2(Wi k15041 + Wi pt1,0-1 + Wi k—15,041),

1,i=0,...,

N—-11l=m;—-1; =M,

BijWi k41351 2(Ul~clll+uklll+ukll + Wik:ji41)

Vi Wik;ji+1 —

1; 2

=N;1l=1;57=1,...,

h fzk,j,l+17

M,

BiiWi k41351 2(Ul~clll+uklll+ukll + U f+1:1)

+Yij Wiksji—1 —

h fz k—l—l,jl’
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fork=n,—1;,i=N;l=m; —1; j=0,...,M —1,
biksjt = Bijti k11 — 2(Uik—155041 + Ui kr15j,0-1 + Wi kg 155,041 + Uikt 131)
2 £(2,0)
+YijWikji41 — W f

i,k+1;50

fork=n,—1;i=N; l=m; —1; j = M,
bikijt = BijWigt1:51 — 2(Wi 15141 F Wik 13,0—1 F Wi k— 135,041 Wik ji01 + Wi t1:51)
2/ £(0,2) (2,0)
+Yijikgarr — W (Fji T fikvig)s

2 2
ﬁij:8+(@) : %j:8+(qi> , 1=0,....,N; 7=0,..., M.

n; m;



Appendix B

Fortran 90 Programming Code
for Solving 1-D DMBVP

PROGRAM DMBVP1D ! ! BY MR.ANIRUT LUADSONG ! OCT 2001 ! SOLVING 1-D
DMBVP !
IMPLICIT NONE
INTEGER :: i,j,ii,BN,M,MM
REAL :: TAU,F2P_O,F2P_END,DET_A,TMP1
INTEGER,DIMENSION (:), ALLOCATABLE :: N_I
REAL,DIMENSION (:), ALLOCATABLE :: X,F,H,P
REAL,DIMENSION (:), ALLOCATABLE :: U,B,BA1,BA2,BA3
REAL,DIMENSION (:), ALLOCATABLE :: A_I,B_I,OMEGA_I

OPEN (21, FILE = ’B.TXT’)
OPEN (22, FILE = ’BA1.TXT’)
OPEN (23, FILE = ’BA2.TXT’)
OPEN (24, FILE = ’BA3.TXT’)
OPEN (25, FILE = *U.TXT’)
OPEN (26, FILE = >INPUT.TXT’)
OPEN (27, FILE = ’X.TXT’)

READ(26,*) BN,TAU,F2P_0,F2P_END

ALLOCATE (X(BN+2),F(BN+2) ,H(BN+1),P(BN+1) ,N_I(BN+1))
ALLOCATE (A_I(BN+1),B_I(BN+1),0MEGA_I(BN+1))

DO i=1,BN+1

READ(26,*) X(i),F(i),P(i)
END DO
READ(26,*) X(BN+2),F(BN+2)

DO i=1,BN+1
H@) = X@E+1D)-X(1)

END DO

MM = 0

DO i=1,BN+1
N_I(i) = INT(H(i)/TAU+0.5)
MM = MM+N_I(i)

END DO

M = MM-BN-1

ALLOCATE (U(M),B(M),BA1(M),BA2(M-1),BA3(M-2))

DO i=1,BN+1
OMEGA_I(i) = (P(i)/N_I(i))*(P(i)/N_I(i))
A_I(i) = -OMEGA_I(i)-4
B_I(i) = 6+2%0MEGA_I (i)
END DO
ii =0
DO i=1,BN+1
ii = ii+1

IF (i.EQ.1) THEN

B(ii) = -TAU*TAUxF2P_0-(2+A_I(i))*F(i)
BA1(ii) = B_I(i)-1
ELSE
B(ii) = -A_I(i)*F(i)
BA1(ii) = B_I(i)

BA2(ii-1) = 1.0
BA3(ii-2) = 0.0

END IF

ii o= ii+1

B(ii) = -F(i)
BA1(ii) = B_I(d)

BA2(ii-1) = A_I(i)
IF (i.GT.1) THEN
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BA3(ii-2) = 0.0
END IF
DO j=3,N_I(i)-3

ii = ii+l
B(ii) =0.0
BA1(ii) = B_I(i)
BA2(ii-1) = A_I(i)
BA3(ii-2) = 1.0
END DO
ii o= ii+1
B(ii) = -F(i+1)
BA1(ii) = B_I(i)

BA2(ii-1) = A_I(d)
BA3(ii-2) = 1.0

ii = ii+1

IF (i.EQ.BN+1) THEN

B(ii) = -TAU*TAU*F2P_END-(2+A_I(i))*F(i+1)
BA1(ii) = B_I(i)-1
ELSE
B(ii) = -A_I(i)*F(i+1)
BA1(ii) = B_I(i)
END IF

BA2(ii-1) = A_I(i)
BA3(ii-2) = 1.0
END DO

CALL SUBSDIAG(M,B,BA1,BA2,BA3,U,DET_A)
ii =0
DO i=1,BN+1

WRITE(25,*) F(i)
WRITE(27,%) X(i)

TMP1 = X(i)
DO j=1,N_I(i)-1
ii = ii+1

WRITE(25,%) U(ii)
TMP1 = TMP1+TAU
WRITE(27,%) TMP1
END DO
END DO
WRITE(25,%) F(BN+2)
WRITE(27,%) X(BN+2)

DO i=1,M
WRITE(21,*) B(i)
WRITE(22,*) BA1(i)
END DO
DO i=1,M-1
WRITE(23,*) BA2(i)
END DO
DO i=1,M-2
WRITE(24,*) BA3(i)
END DO

CLOSE(21)
CLOSE(22)
CLOSE(23)
CLOSE (24)
CLOSE(25)
CLOSE(26)
CLOSE(27)

PRINT*,’ det(A) = ’, DET_A
END PROGRAM DMBVP1D
SUBROUTINE SUBSDIAG(N,B,D,F,E,X,DET_A)
BY MR.ANIRUT LUADSONG

1
1
!
! GIVEN: Ax=b WITH A FIVE-DIAGONAL SYMMETRIC STRONGLY NONSINGULAR MATRIX A
! FIND : SOLUTION x.

1

IMPLICIT NONE

INTEGER :: N,i

REAL,DIMENSION (N) :: B,D,X

REAL,DIMENSION (N-2) :: E

REAL,DIMENSION (N-1) :: F

REAL,DIMENSION (:), ALLOCATABLE :: C,Z

REAL,DIMENSION (:), ALLOCATABLE :: ALPHA,GAMMA,DELTA

REAL :: DET_A

ALLOCATE (C(N),Z(N))

ALLOCATE (ALPHA(N) ,GAMMA(N-1) ,DELTA(N-2))

1

! 1st STEP: FACTOR A=LDLT

1



ALPHA(1)
GAMMA (1)
DELTA(1)
ALPHA(2)
GAMMA (2)
DELTA(2)

DO i=3,N-

2

ALPHA (i)
GAMMA (i)
DELTA(i)

END DO

ALPHA(N-1)
GAMMA (N-1)

ALPHA (N)

zZ(1) = B(1)

D(1)

F(1)/ALPHA(1)

E(1)/ALPHA(1)
D(2)-F(1)*GAMMA (1)
(F(2)-E(1)*GAMMA (1)) /ALPHA(2)
E(2)/ALPHA(2)

= D(i)-E(i-2)*DELTA(i-2)-ALPHA (i-1)*GAMMA (i-1)*GAMMA (i-1)
= (F(1)-E(i-1)*GAMMA(i-1))/ALPHA(i)
= E(i)/ALPHA(i)

= D(N-1)-E(N-3)*DELTA (N-3) -ALPHA (N-2) *GAMMA (N-2) *GAMMA (N-2)
= (F(N-1)-E(N-2)*GAMMA (N-2) ) /ALPHA (N-1)
= D(N)-E(N-2)*DELTA (N-2) -ALPHA (N-1) *GAMMA (N-1) *GAMMA (N-1)

2nd STEP: UPDATE Lz=b, Dc=z

Z(2) = B(2)-GAMMA(1)*Z(1)

DO i=3,N

Z(i) = B(i)-GAMMA(i-1)*Z(i-1)-DELTA(i-2)*Z(i-2)

END DO
DO i=1,N

C(i) = Z(i)/ALPHA(i)

END DO

X =

END DO

3rd STEP: BACKSUBSTITUTION L~Tx=c

c(N)
X(N-1) = C(N-1)-GAMMA(N-1)*X(N)
DO i=N-2,1,-1
X(i) = C(i)-GAMMA(i)*X(i+1)-DELTA(i)*X(i+2)

FIND DET(A)

DET_A = ALPHA(1)

DO i=2,N

DET_A = DET_A*ALPHA(i)

IF (ABS(DET_A) .GT. 1.0E30) THEN
DET_A=999
GOTO 999

END IF
END DO

999 CONTINUE END SUBROUTINE SUBSDIAG
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Appendix C

Fortran 90 Programming Code
for Solving 2-D DMBVP

PROGRAM SP2DPM

1
! BY MR.ANIRUT LUADSONG

! Feb 2002

! SOLVING 2-D DMBVP WITH PARAMETRIC VARIABLES BY SPLITTING METHOD

! AND USING MPI LIBRARY FOR PARALLEL COMPUTER
1

IMPLICIT NONE

INCLUDE ’mpif.h’

INTEGER :: my_id,root_prccess,ierr,num_procs,status(MPI_STATUS_SIZE)

INTEGER :: i,j,MX,MY,AUTO_TENSION_X,AUTO_TENSION_Y,AUTO_TENSION_F
INTEGER :: N,NUM_PT_X,NUM_PT_Y

REAL :: EPS,LOWER_QX,LOWER_QY,LOWER_QF,TMP1

REAL,DIMENSION (:), ALLOCATABLE ¢ XY

REAL,DIMENSION (:,:), ALLOCATABLE F,O0UT_U, XXX, YYY,XX,YY
REAL,DIMENSION (:,:), ALLOCATABLE P,Q,PX,PY,QX,QY
REAL,DIMENSION (:,:), ALLOCATABLE :: P1,Q1,P1X,P1Y,Q1X,Q1Y

root_process = 0

CALL MPI_INIT(ierr)
CALL MPI_COMM_RANK(MPI_COMM_WORLD, my_id, ierr)
CALL MPI_COMM_SIZE(MPI_COMM_WORLD, num_procs, ierr)

IF (my_id .EQ. root_process) THEN

OPEN (21, FILE = >2D_U.TXT’)
OPEN (22, FILE = ’SPLIT_IN.TXT’)
OPEN (23, FILE = >2D_X.TXT’)
OPEN (24, FILE = *2D_Y.TXT’)
OPEN (25, FILE = ’SIZE.TXT’)
OPEN (26, FILE = ’2D_PQX.TXT’)
OPEN (27, FILE = ’2D_PQY.TXT’)
OPEN (28, FILE = ’2D_PQF.TXT’)
OPEN (29, FILE = ’2D_PQX.0UT’)
OPEN (30, FILE = >2D_PQY.OUT’)
OPEN (31, FILE = >2D_PQF.0UT’)

! READ DATA FROM THE HEADER OF FILE SPLIT_IN.TXT

READ(22,*) NUM_PT_X,NUM_PT_Y,N,EPS

READ(22,*) AUTO_TENSION_X,AUTO_TENSION_Y,AUTO_TENSION_F, &
LOWER_QX, LOWER_QY , LOWER_QF

MX = (N-1)%(NUM_PT_X-1)

MY = (N-1)%(NUM_PT_Y-1)

! ASSIGNING THE SIZE OF EACH ARRAY

ALLOCATE (X (NUM_PT_X) , Y (NUM_PT_Y) )

ALLOCATE (XX (NUM_PT_X,NUM_PT_Y) ,YY(NUM_PT_X,NUM_PT_Y))
ALLOCATE(F (NUM_PT_X,NUM_PT_Y))

ALLOCATE(P (NUM_PT_X-1,NUM_PT_Y-1) ,Q(NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE (PX (NUM_PT_X-1,NUM_PT_Y-1) ,QX(NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE(PY (NUM_PT_X-1,NUM_PT_Y-1) ,QY(NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE(P1(NUM_PT_X-1,NUM_PT_Y),Q1 (NUM_PT_X,NUM_PT_Y-1))
ALLOCATE(P1X (NUM_PT_X-1,NUM_PT_Y) ,Q1X (NUM_PT_X,NUM_PT_Y-1))
ALLOCATE(P1Y(NUM_PT_X-1,NUM_PT_Y),Q1Y(NUM_PT_X,NUM_PT_Y-1))
ALLOCATE (XXX (MX+NUM_PT_X,MY+NUM_PT_Y) , YYY (MX+NUM_PT_X ,MY+NUM_PT_Y))
ALLOCATE (QUT_U(MX+NUM_PT_X,MY+NUM_PT_Y))

DO i=1,NUM_PT_X

X(1) = i*l.
END DO
DO j=1,NUM_PT_Y
Y(§) = j*1.

END DO
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1
! READ DATA FROM FILE SPLIT_IN.TXT
1
DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y
READ(22,%) XX(i,j),YY(i,j),F(i,j)
END DO
END DO
IF (N.LT.5) THEN
PRINT *, ’N MUST GREATER THAN 4, !!! PRESS ANY KEY TO CONTINUE !!!’
READ (%, %)
DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y
WRITE(21,%) F(i,j)
WRITE(23,*) XX(i,j)
WRITE(24,%) YY(i,j)
END DO
END DO
WRITE(25,%) NUM_PT_X
WRITE(25,%) NUM_PT_Y
CLOSE(21)
CLOSE(22)
CLOSE(23)
CLOSE(24)
CLOSE(25)
CLOSE(26)
CLOSE(27)
CLOSE(28)
CLOSE(29)
CLOSE(30)
CLOSE(31)
GOTO 8888
END IF
1

! GENERATE TENSION PARAMETERS FOR XX,YY AND F
!

PX = 0.
QX = 0.
P1X = 0.
Q1X = 0.
PY = 0.
QY =o0.
P1Y = 0.
Q1Y = 0.
P =o0.
Q =o0.
P1 = 0.
Q1 =o0.
IF (AUTO_TENSION_X .EQ. 0) THEN
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y-1
READ(26,%) PX(i,3),QX(i,j)
END DO
END DO

DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y
READ(26,*) P1X(i,j)
END DO
END DO
DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y-1
READ(26,%) Q1X(i,j)
END DO
END DO
END IF
IF (AUTO_TENSION_Y .EQ. 0) THEN
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y-1
READ(27,*) PY(i,j),QY(i,j)
END DO
END DO
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y
READ(27,*) P1Y(i,j)
END DO
END DO
DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y-1
READ(27,%) Q1Y(i,j)
END DO
END DO
END IF
IF (AUTO_TENSION_F .EQ. 0) THEN
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y-1
READ(28,*) P(i,j),Q(i,])
END DO
END DO
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y
READ(28,*) P1(i,j)
END DO
END DO
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DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y-1
READ(28,%) Q1(i,j)
END DO

END DO
END IF
IF (AUTO_TENSION_X .EQ. 1) THEN

CALL TENSION2D(NUM_PT_X,NUM_PT_Y,X,Y,XX,PX,QX,P1X,Q1X,LOWER_QX)
END IF
IF (AUTO_TENSION_Y .EQ. 1) THEN

CALL TENSION2D(NUM_PT_X,NUM_PT_Y,X,Y,YY,PY,QY,P1Y,Q1Y,LOWER_QY)
END IF
IF (AUTO_TENSION_F .EQ. 1) THEN

CALL TENSION2D(NUM_PT_X,NUM_PT_Y,X,Y,F,P,Q,P1,Q1,LOWER_QF)
END IF
IF (AUTO_TENSION_X .EQ. 2) THEN
PX = 400.
QX = 400.
P1X = 400.
Q1X = 400.
END IF
IF (AUTO_TENSION_Y .EQ. 2) THEN
PY = 400.
QY = 400.
P1Y = 400.
Q1Y = 400.
END IF
IF (AUTO_TENSION_F .EQ. 2) THEN
P = 400.
Q = 400.
P1 = 400.
Q1 = 400.
END IF

END IF
8888 CONTINUE

CALL MPI_BCAST(N,1,MPI_INTEGER,root_process,MPI_COMM_WORLD,ierr)

IF (N .LT. 5) GOTO 9999

CALL MPI_BCAST(NUM_PT_X,1,MPI_INTEGER,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(NUM_PT_Y,1,MPI_INTEGER,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(EPS,1,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)

CALL MPI_BCAST(LOWER_QX,1,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(LOWER_QY,1,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(LOWER_QF,1,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(MX,1,MPI_INTEGER,root_process,MPI_COMM_WORLD,ierr)

CALL MPI_BCAST(MY,1,MPI_INTEGER,root_process,MPI_COMM_WORLD,ierr)

IF (my_id .GT. root_process) THEN
ALLOCATE (X (NUM_PT_X) ,Y(NUM_PT_Y))
ALLOCATE (XX (NUM_PT_X,NUM_PT_Y) , YY (NUM_PT_X,NUM_PT_Y))
ALLOCATE (F (NUM_PT_X,NUM_PT_Y))

ALLOCATE (P (NUM_PT_X-1,NUM_PT_Y-1) ,Q(NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE (PX (NUM_PT_X-1,NUM_PT_Y-1) ,QX (NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE(PY (NUM_PT_X-1,NUM_PT_Y-1),QY (NUM_PT_X-1,NUM_PT_Y-1))
ALLOCATE (P1(NUM_PT_X-1,NUM_PT_Y),Q1 (NUM_PT_X,NUM_PT_Y-1))
ALLOCATE(P1X(NUM_PT_X-1,NUM_PT_Y) ,Q1X (NUM_PT_X,NUM_PT_Y-1))
ALLOCATE(P1Y (NUM_PT_X-1,NUM_PT_Y),Q1Y (NUM_PT_X,NUM_PT_Y-1))

END IF

CALL MPI_BCAST(X(:),NUM_PT_X,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(Y(:),NUM_PT_Y,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)

DO i=1,NUM_PT_X
CALL MPI_BCAST(XX(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(YY(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(F(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
END DO
DO i=1,NUM_PT_X-1
CALL MPI_BCAST(P(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(Q(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(PX(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(QX(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(PY(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(QY(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
END DO
DO i=1,NUM_PT_X-1
CALL MPI_BCAST(P1(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(P1X(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(P1Y(i,:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
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END DO
DO i=1,NUM_PT_X
CALL MPI_BCAST(Q1(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(Q1X(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(Q1Y(i,:),NUM_PT_Y-1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
END DO

FIND THE REFINEMENT OF XX,YY,UU NAMELY XXX,YYY,OUT_U

CALL SPLIT2D(NUM_PT_X,NUM_PT_Y,N,EPS,MX,MY,X,PX,P1X,Y,QX,Q1X, &
XX, XXX,LOWER_QX ,my_id,num_procs)

IF (my_id .EQ. root_process) THEN
PRINT*, ’PASS X’
END IF

CALL SPLIT2D(NUM_PT_X,NUM_PT_Y,N,EPS,MX,MY,X,PY,P1Y,Y,QY,Q1Y, &
YY,YYY,LOWER_QY,my_id,num_procs)

IF (my_id .EQ. root_process) THEN
PRINT#*, ’PASS Y’
END IF

CALL SPLIT2D(NUM_PT_X,NUM_PT_Y,N,EPS,MX,MY,X,P,P1,Y,Q,Q1,F, &
UUT_U,LUWER_QF,my_id,num_procs)

IF (my_id .EQ. root_process) THEN
PRINT*, ’PASS U’
1
! PRINT OUT THE OUTPUTS
1
PRINT*, ’PRINTING THE OUTPUTS ... ’
DO i=1,MX+NUM_PT_X
DO j=1,MY+NUM_PT_Y
WRITE(21,*) OUT_U(i,j)
WRITE(23,*) XXX(i,j)
WRITE(24,%) YYY(i,j)
END DO
END DO
WRITE(25,%) MX+NUM_PT_X
WRITE(25,%) MY+NUM_PT_Y
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y-1
WRITE(29,*) PX(i,j),QX(i,j)
WRITE(30,%) PY(i,3),QY(i,j)
WRITE(31,%) P(i,j),Q(i,j)
END DO
END DO
DO i=1,NUM_PT_X-1
DO j=1,NUM_PT_Y
WRITE(29,%) P1X(i,j)
WRITE(30,%) P1Y(i,j)
WRITE(31,*) P1(i,j)
END DO
END DO
DO i=1,NUM_PT_X
DO j=1,NUM_PT_Y-1
WRITE(29,*) Q1X(i,j)
WRITE(30,*) Q1Y(i,j)
WRITE(31,*) Q1(i,j)
END DO
END DO

CLOSE(21)
CLOSE(22)
CLOSE(23)
CLOSE(24)
CLOSE(25)
CLOSE(26)
CLOSE(27)
CLOSE(28)
CLOSE(29)
CLOSE(30)
CLOSE(31)

END IF
9999 CONTINUE
CALL MPI_FINALIZE(ierr)
END PROGRAM SPLIT2DP
SUBROUTINE SPLIT2D(NUM_PT_X,NUM_PT_Y,N,EPS,MX,MY,X,P,P1,Y,Q,Q1, &

F,0UT_U,LOWER_QF ,my_id,num_procs)
'

! BY MR.ANIRUT LUADSONG
! NOV 2001
! SOLVING 2-D DMBVP BY SPLITTING METHOD



IMPLICIT NONE

INCLUDE ’mpif.h’

INTENT (IN)
INTENT (IN)
INTENT (OUT)
INTEGER
INTEGER
INTEGER
REAL

REAL ::
REAL,DIMENSION
REAL,DIMENSION
REAL,DIMENSION
REAL,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION
REAL ,DIMENSION

root_process =

IF (my_id .EQ.
TAU = 1./(N*1.

: NUM_PT_X,NUM_PT_Y,N,EPS,MX,MY,X,Y,F,P,Q,P1,Q1,LOWER_QF

¢ my_id,num_procs

: OUT_U
::i,j,k,1,ii,jj,kk,11,NUM_PT_X,NUM_PT_Y,MX,MY,ITER_NO,N
:: my_id,num_procs,root_process,ierr
:: status(MPI_STATUS_SIZE)

: TAU,NORM_U,EPS,LOWER_QF,TMP1

FXXYY_BL,FXXYY_BR,FXXYY_TL,FXXYY_TR

(NUM_PT_Y) :: Y,FXX_L,FXX_R
(NUM_PT_X) :: X,FYY_B,FYY_T
(NUM_PT_Y-1) :: TMP_Q
(NUM_PT_X-1) :: TMP_P

My) :: UXX_L,UXX_R
(MX) 12 UYY_B,UYY_T
(NUM_PT_X,NUM_PT_Y) it F
(MX,NUM_PT_Y) :: UH
(NUM_PT_X,MY) t: ULV

(MX,MY) :: UO,U1,U2
(NUM_PT_X-1,NUM_PT_Y-1) :: P,Q
(NUM_PT_X-1,NUM_PT_Y) it P1
(NUM_PT_X,NUM_PT_Y-1) 0 Q1

(MX+NUM_PT_X,MY+NUM_PT_Y) :: OUT_U

! CALCULATE THE NECESSARY NOTATIONS

0
root_process) THEN
)

FIND BOUNDARY VALUES

DO i=my_id+1,NUM_PT_X,num_procs
FYY_B(i) = -F(i,4)+4.*F(i,3)-5.%F(i,2)+2.%F(i,1)
FYY_T(i) = -F(i,NUM_PT_Y-3)+4.*F(i,NUM_PT_Y-2) &
-5.%F (i,NUM_PT_Y-1)+2.*F (i ,NUM_PT_Y)
IF (my_id .EQ. root_process) THEN
DO j=1,num_procs-1

IF (i+j .LE. NUM_PT_X) THEN
CALL MPI_RECV(FYY_B(i+j),1,MPI_REAL,j, &
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)
CALL MPI_RECV(FYY_T(i+j),1,MPI_REAL,j, &
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)
END IF
END DO
ELSE
CALL MPI_SEND(FYY_B(i),1,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)
CALL MPI_SEND(FYY_T(i),1,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)
END IF
END DO

DO j=my_id+1,NUM_PT_Y,num_procs
FXX_L(j) = -F(4,j)+4.%F(3,j)-5.%F(2,j)+2.*F(1,j)
FXX_R(j) = -F(NUM_PT_X-3,j)+4.*F(NUM_PT_X-2,j) &
-5.*F (NUM_PT_X-1, j)+2.*F (NUM_PT_X, j)
IF (my_id .EQ. root_process) THEN

DO i=1,num_
IF (i+j .

procs-1
LE. NUM_PT_Y) THEN

CALL MPI_RECV(FXX_L(i+j),1,MPI_REAL,i, &

MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)

CALL MPI_RECV(FXX_R(i+j),1,MPI_REAL,i, &

END IF

MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)

CALL MPI_SEND(FXX_L(j),1,MPI_REAL,root_process,99, &

MPI_COMM_WORLD,ierr)

CALL MPI_SEND(FXX_R(j),1,MPI_REAL,root_process,99, &

END IF
END DO
IF (my_id .EQ.

MPI_COMM_WORLD,ierr)

root_process) THEN

FXXYY_BL = -FXX_L(4)+4.*%FXX_L(3)-5.*FXX_L(2)+2.*FXX_L(1)
FXXYY_BR = -FXX_R(4)+4.*FXX_R(3)-5.*FXX_R(2)+2.*FXX_R(1)

FXXYY_TL = -FXX_L(NUM_PT_Y-3)+4.*FXX_L(NUM_PT_Y-2) &
-5.*FXX_L(NUM_PT_Y-1)+2.*FXX_L(NUM_PT_Y)
FXXYY_TR = -FXX_R(NUM_PT_Y-3)+4.*FXX_R(NUM_PT_Y-2) &
-5.*FXX_R(NUM_PT_Y-1)+2.*FXX_R(NUM_PT_Y)
END IF
CALL MPI_BCAST(FYY_B(:),NUM_PT_X,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(FYY_T(:),NUM_PT_X,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(FXX_L(:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(FXX_R(:),NUM_PT_Y,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(FXXYY_BL,1,MPI_REAL,root_process, &

MPI_COMM_WORLD,ierr)

CALL MPI_BCAST(FXXYY_BR,1,MPI_REAL,root_process, &

132
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MPI_COMM_WORLD,ierr)

CALL MPI_BCAST(FXXYY_TL,1,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(FXXYY_TR,1,MPI_REAL,root_process, &

MPI_COMM_WORLD,ierr)
!

! FIND U_ik;jl ALONG TH MAIN MESH
1
DO j=my_id+1,NUM_PT_Y,num_procs
CALL DMBVP1D(NUM_PT_X,TAU,FXX_L(j),FXX_R(j),F(:,j), &
U_H(:,3j),P1(:,j),N)
IF (my_id .EQ. root_process) THEN
DO i=1,num_procs-1
IF (i+j .LE. NUM_PT_Y) THEN
CALL MPI_RECV(U_H(:,j+i),MX,MPI_REAL,i, &
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)

END IF
END DO
ELSE
CALL MPI_SEND(U_H(:,j),MX,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)
END IF
END DO
DO i=my_id+1,NUM_PT_X,num_procs
CALL DMBVP1D(NUM_PT_Y,TAU,FYY_B(i),FYY_T(i),F(4i,:), &

U_V(i,:),Q1(i,:),N)
IF (my_id .EQ. root_process) THEN
DO j=1,num_procs-1
IF (i+j .LE. NUM_PT_X) THEN
CALL MPI_RECV(U_V(i+j,:),MY,MPI_REAL,j, &
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)

END IF
END DO
ELSE
CALL MPI_SEND(U_V(i,:),MY,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)
END IF
END DO

!
! FIND Uxx AND Uyy ON THE BORDER OF THE MAIN DOMAIN
1

IF (my_id .EQ. root_process) THEN

CALL TENSION(NUM_PT_X,X,FYY_B,TMP_P,LOWER_QF)
CALL DMBVP1D (NUM_PT_X,TAU,FXXYY_BL,FXXYY_BR,FYY_B,UYY_B,TMP_P,N)
CALL TENSION(NUM_PT_X,X,FYY_T,TMP_P,LOWER_QF)
CALL DMBVP1D (NUM_PT_X,TAU,FXXYY_TL,FXXYY_TR,FYY_T,UYY_T,TMP_P,N)
CALL TENSION(NUM_PT_Y,Y,FXX_L,TMP_Q,LOWER_QF)
CALL DMBVP1D (NUM_PT_Y,TAU,FXXYY_BL,FXXYY_TL,FXX_L,UXX_L,TMP_Q,N)
CALL TENSION(NUM_PT_Y,Y,FXX_R,TMP_Q,LOWER_QF)
CALL DMBVP1D (NUM_PT_Y,TAU,FXXYY_BR,FXXYY_TR,FXX_R,UXX_R,TMP_Q,N)
1

! TO FIND THE INITIAL VALUES BY LINEAR INTERPOLATION
!

DO 11=1,MY
kk = 0
DO i=1,NUM_PT_X-1
TMP1 = X(i)
DO k=1,N-1
kk = kk+1
TMP1 = TMP1+TAU
UO(kk,11) = U_V(i,11)*(X(i+1)-TMP1)+U_V(i+1,11)*(TMP1-X(i))
END DO
END DO
END DO
DO kk=1,MX
11 =0
DO j=1,NUM_PT_Y-1
TMP1 = Y(j)
DO 1=1,N-1
11 = 11+1
TMP1 = TMP1+TAU
U1(kk,11) = U_H(kk,j)*(Y(j+1)-TMP1)+U_H(kk, j+1)*(TMP1-Y(j))
END DO
END DO
END DO

U0 = (U0+U1)/2.
1
! STARTING THE ITERATION
1

ITER_NO = 0

END IF

CALL MPI_BCAST(UXX_L(:),MY,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(UXX_R(:),MY,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(UYY_B(:),MX,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
CALL MPI_BCAST(UYY_T(:),MX,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
DO i=1,NUM_PT_X

CALL MPI_BCAST(U_V(i,:),MY,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
END DO
DO j=1,NUM_PT_Y

CALL MPI_BCAST(U_H(:,j),MX,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
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END DO

5555 CONTINUE
DO j=1,MY
CALL MPI_BCAST(UO(:,j),MX,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
END DO
!
! THE FIRST HALF STEP, ALONG X DIRECTION
!
DO 1l=my_id+1, MY, num_procs
j = ((11-0.1)/(N-1))+1
1 = ((11%1.0)/(N-1))
IF (11 .EQ. (j-1)*(N-1)+1) THEN

CALL SPLIT1(NUM_PT_X,N,UXX_L(11),UXX_R(11),P(:,j) &
,U_V(:,11),F(:,3),U_V(:,11+1) &
,U0(:,11) ,U_H(:,3),U0(:,1141),U1(:,11))
ELSE IF (1 .EQ. j) THEN
CALL SPLIT1(NUM_PT_X,N,UXX_L(11),UXX_R(11),P(:,j) 3

,U_V(:,11),U_V(:,11-1),F(:,j+1) &
,U0(:,11),00(:,11-1) ,U_H(:,j+1),U1(:,11))

ELSE
CALL SPLIT1(NUM_PT_X,N,UXX_L(11),UXX_R(11),P(:,j) &
,U_V(:,11),U_V(:,11-1) ,U_V(:,11+1) &
,U0(:,11),U0(:,11-1),00(:,11+1),U1(:,11))
END IF

IF (my_id .EQ. root_process) THEN
DO i=1,num_procs-1
IF (11+i .LE. MY) THEN
CALL MPI_RECV(U1(:,11+i),MX,MPI_REAL,i, P
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)
END IF

CALL MPI_SEND(U1(:,11),MX,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)

END IF
END DO
DO j=1,MY
CALL MPI_BCAST(U1(:,j),MX,MPI_REAL,root_process, &
MPI_COMM_WORLD,ierr)
END DO

1
! THE SECOND HALF STEP, ALONG Y DIRECTION
1
DO kk=my_id+1, MX, num_procs

i = ((kk-0.1)/(N-1))+1

k = ((kkx1.0)/(N-1))

IF (kk .EQ. (i-1)*(N-1)+1) THEN

CALL SPLIT1(NUM_PT_Y,N,UYY_B(kk),UYY_T(kk),Q(i,:) &

JU_H(Kk,:),F(i,:),U_H(kk+1,:) &
,UL(Rk, :),U_V(i,:),UL(kk+1,:),U2(kk,:))
ELSE IF (k .EQ. i) THEN
CALL SPLIT1(NUM_PT_Y,N,UYY_B(kk),UYY_T(kk),Q(i,:) &

,U_H(Kk, :) ,U_H(kk-1,:),F(i+1,:) &
,UL(RKk, :),Ul(kk-1,:),U_V(i+1,:),U2(kk,:))

ELSE
CALL SPLIT1(NUM_PT_Y,N,UYY_B(kk),UYY_T(kk),Q(i,:) &
,U_H(kk,:),U_H(kk-1,:),U_H(kk+1,:) &
,UL(kk,:),U1(kk-1,:),U1(kk+1,:),U2(kk,:))
END IF

IF (my_id .EQ. root_process) THEN
DO j=1,num_procs-1
IF (kk+j .LE. MX) THEN
CALL MPI_RECV(U2(kk+j,:),MY,MPI_REAL,j, &
MPI_ANY_TAG,MPI_COMM_WORLD,status,ierr)

END IF
END DO
ELSE
CALL MPI_SEND(U2(kk,:),MY,MPI_REAL,root_process,99, &
MPI_COMM_WORLD,ierr)
END IF
END DO

FIND NORM U AND UPDATE THE INITIAL DATA
IF (my_id .EQ. root_process) THEN

NORM_U = MAXVAL(ABS(U2-U0))

Uo = U2

ITER_NO = ITER_NO+1

PRINT *, >ITERATION NUMBER = ’,ITER_NO, > NORM U = ’,NORM_U
END IF

CALL MPI_BCAST(NORM_U,1,MPI_REAL,root_process,MPI_COMM_WORLD,ierr)
IF (NORM_U .GE. EPS) GOTO 5555

IF (my_id .EQ. root_process) THEN

REARRANGE THE OQUTPUT OUT_U

11 =0
ij=o0



DO j=1,NUM_PT_Y-1

ENI

kk =

EN
ou

END

11 = 11+1
kk = 1
ii =0

DO i=1,NUM_PT_X-1
OUT_U(kk,11) = F(i,j)
kk = kk+1
DO k=1,N-1
ii = ii+1
0UT_U(kk,11) = U_H(ii,j)
k = kk+l
END DO
END DO
OUT_U(kk,11) = F(NUM_PT_X,j)
DO 1=1,N-1
11 = 11+1
jj =3+t
kk = 1
ii =0
DO i=1,NUM_PT_X-1
OUT_U(kk,11) = U_V(i,jj)

kk = kk+1
DO k=1,N-1
ii = ii+1
OUT_U(kk,11) = U2(ii,jj)
kk = kk+1
END DO
END DO
OUT_U(kk,11) = U_V(NUM_PT_X,jj)
END DO
D DO
1
=0
= 11+1
i=1,NUM_PT_X-1
OUT_U(kk,11) = F(i,NUM_PT_Y)
kk = kk+1
DO k=1,N-1
ii ii+1
OUT_U(kk,11) = U_H(ii,NUM_PT_Y)
kk = kk+1
END DO
D DO
T_U(kk,11) = F(NUM_PT_X,NUM_PT_Y)

IF

END SUBROUTINE SPLIT2D

SUBROUTINE SPLIT1(NUM_PT,N,F2P_0,F2P_N,P,F,F_B,F_T,U0,U0_B,U0_T,U1)

Nov

! SOLV

IMPL
INTENT(IN) :: NUM_PT,N,F2P_O,F2P_N,P,F,F_B,F_T,U0,U0_B,UO_T
INTENT(OUT) :: U1
INTEGER :: i,k,kk,NUM_PT,N

REAL
REAL
REAL
REAL
REAL
REAL

TAU
TAU2
T

T1

! BY MR.ANIRUT LUADSONG

2001
ING EACH HALF STEP OF 2D-DMBVP

ICIT NONE

:: T,T1,TAU,TAU2,F2P_0,F2P_N,TMP1
,DIMENSION (NUM_PT) :: F,F_B,F_T

,DIMENSION (NUM_PT-1) :: P,A_I,B_I,OMEGA_I
,DIMENSION ((NUM_PT-1)*(N-1)) U0,U0_B,U0_T,U1,B,BAL
,DIMENSION ((NUM_PT-1)*(N-1)-1) BA2

,DIMENSION ((NUM_PT-1)*(N-1)-2) :: BA3

= 1./(N*1.)

= TAU*TAU

= TAU2%TAU2

= TAU2%TAU2/T-4

DO i=1,NUM_PT-1

TMP1 = P(i)/(1.%N)

OMEGA_I(i) = TMP1xTMP1

A_I(i) = -OMEGA_I(i)-4

B_I(i) = 6+2.*0MEGA_I(i)+TAU2*TAU2/T
END DO

kk =

0

DO i=1,NUM_PT-1
k = kk+1

IF

(i.EQ.1) THEN

B(kk) = -TAU2*F2P_0-(2+A_I(i))*F(i)

- (F_B(i)+F_T(i)+UO_B(kk+1)+UO_T(kk+1)) &
+2. % (UO_B (kk) +UO_T (kk) +F (i) +U0 (kk+1) ) +T1xU0 (kk)

BA1(kk) = B_I(i)-1

ELSE
B(kk) = -A_I(i)*F (i)
—-(F_B(i)+F_T(i)+U0_B(kk+1)+UO_T (kk+1))
+2. % (U0_B (kk) +UO_T (kk) +F (1) +U0 (kk+1) ) +T1*U0 (kk)
BA1(kk) = B_I(i)

BA2(kk-1) = 1.0
BA3(kk-2) = 0.0
END IF

kk

= kk+1

&
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B(kk) = -F(i) &
- (UO_B (kk-1)+U0_T (kk-1) +U0_B (kk+1) +U0_T (kk+1)) &
+2.% (UO_B (kk) +U0_T (kk) +U0 (kk—1) +U0 (kk+1) ) +T1xU0 (kk)

BA1(kk) = B_I(i)

BA2(kk-1) = A_I(i)

IF (i.GT.1) THEN

BA3(kk-2) = 0.0
END IF
DO k=3,N-3
kk = kk+1
B(kk) = -(UO_B(kk-1)+UO_T(kk-1)+UO_B (kk+1)+UO_T (kk+1)) &
+2. % (U0_B (kk) +U0_T (kk) +U0 (kk-1) +U0 (kk+1) ) +T1*U0 (kk)
BA1(kk) = B_I(i)
BA2(kk-1) = A_I(i)
BA3(kk-2) = 1.0

END DO

kk = kk+1

B(kk) = -F(i+1) &

- (UO_B (kk~1)+U0_T (kk-1)+U0_B (kk+1)+U0_T (kk+1)) &
+2.% (UO_B (kk) +UO_T (kk) +U0 (kk~1) +U0 (kk+1) ) +T1*U0 (kk)

BA1(kk) = B_I(i)

BA2(kk-1) = A_I(i)

BA3(kk-2) = 1.0

kk = kk+1
IF (i.EQ.NUM_PT-1) THEN
B(kk) = -TAU2*F2P_N-(2+A_I(i))*F(i+1) P
- (UO_B(kk-1)+UO_T (kk-1)+F_B(i+1)+F_T(i+1)) P
+2. % (UO_B (kk) +UO_T (kk) +UO (kk—1) +F (i+1) ) +T1*U0 (kk)
BA1(kk) = B_I(i)-1
ELSE
B(kk) = -A_I(i)*F(i+1) &
-(UO_B(kk-1)+U0_T(kk-1)+F_B(i+1)+F_T(i+1)) &

+2.%(U0_B(kk) +UO_T (kk) +U0 (kk-1) +F (i+1) ) +T1*U0 (kk)
BA1(kk) = B_I(i)
END IF
BA2(kk-1) = A_
BA3(kk-2) = 1.
END DO
CALL SUBSDIAG((N-1)*(NUM_PT-1),B,BA1,BA2,BA3,U1)

I(i)
0

END SUBROUTINE SPLIT1

SUBROUTINE DMBVP1D(NUM_PT,TAU,F2P_0,F2P_END,F,U,P,N)
!

! BY MR.ANIRUT LUADSONG
! OCT 2001

! SOLVING 1D-DMBVP

!

IMPLICIT NONE

INTENT(IN) :: NUM_PT,TAU,F2P_0,F2P_END,F,P,N
INTENT(OUT) :: U

INTEGER ::i,j,ii,NUM_PT,N

REAL :: TAU,TAU2,F2P_0,F2P_END,TMP1

REAL,DIMENSION (NUM_PT)
REAL,DIMENSION (NUM_PT-1)
REAL,DIMENSION ((N-1)*(NUM_PT-1)) U,B,BA1
REAL,DIMENSION ((N-1)*(NUM_PT-1)-1):: BA2
REAL,DIMENSION ((N-1)*(NUM_PT-1)-2):: BA3

F
P,A_I,B_I,OMEGA_I

TAU2 = TAU*TAU

DO i=1,NUM_PT-1
TMP1 = P(i)/N
OMEGA_I(i) = TMP1¥TMP1

A_I(i) = -OMEGA_I(i)-4
B_I(i) = 6+2%0MEGA_I(i)
END DO

IF (i.EQ.1) THEN

B(ii) = -TAU2*F2P_0-(2+A_I(i))*F(i)
BA1(ii) = B_I(i)-1

ELSE
B(ii) = -A_I(i)*F(i)
BA1(ii) = B_I(3)
BA2(ii-1) = 1.0
BA3(ii-2) = 0.0

END IF

ii = ii+1

B(ii) = -F(i)

BA1(ii) = B_I(d)

BA2(ii-1) = A_I(i)
IF (i.GT.1) THEN
BA3(ii-2) = 0.0

END IF
DO j=3,N-3
ii = iit+l
B(ii) = 0.0
BA1(ii) = B_I(i)

BA2(ii-1) = A_I(i)
BA3(ii-2) = 1.0
END DO
ii = ii+1



B(ii) = -F(i+1)
BA1(ii) = B_I(i)
BA2(ii-1) = A_I(i)
BA3(ii-2) = 1.0

ii = i+l
IF (i.EQ.NUM_PT-1) THEN
B(ii) = -TAU2*F2P_END-(2+A_I(i))*F(i+1)
BA1(ii) = B_I(i)-1
ELSE
B(ii) = -A_I(i)*F(i+1)
BA1(ii) = B_I(i)
END IF

BA2(ii-1) = A_I(i)
BA3(ii-2) = 1.0
END DO
CALL SUBSDIAG((N-1)*(NUM_PT-1),B,BA1,BA2,BA3,U)

END SUBROUTINE DMBVP1D

SUBROUTINE SUBSDIAG(N,B,D,F,E,X)

!

! BY MR.ANIRUT LUADSONG

! GIVEN: Ax=b WITH A FIVE-DIAGONAL SYMMETRIC STRONGLY
! NONSINGULAR MATRIX A

! FIND : SOLUTION x.

!

IMPLICIT NONE

INTENT(IN) :: N,B,D,F,E

INTENT(OUT) :: X

INTEGER c: N,i

REAL,DIMENSION (N)  :: B,D,X,C,Z,ALPHA
REAL,DIMENSION (N-2) E,DELTA
REAL,DIMENSION (N-1) :: F,GAMMA

! 1st STEP: FACTOR A=LDL"T

ALPHA(1) = D(1)
GAMMA (1) = F(1)/ALPHA(1)
DELTA(1) = E(1)/ALPHA(1)
ALPHA(2) = D(2)-F(1)*GAMMA(1)
GAMMA(2) = (F(2)-E(1)*GAMMA(1))/ALPHA(2)
DELTA(2) = E(2)/ALPHA(2)
DO i=3,N-2
ALPHA(i) = D(i)-E(i-2)*DELTA(i-2)-ALPHA(i-1) &
*GAMMA (i-1) *GAMMA (i-1)
GAMMA(i) = (F(i)-E(i-1)*GAMMA(i-1))/ALPHA({i)
DELTA(i) = E(i)/ALPHA(i)
END DO
ALPHA(N-1) = D(N-1)-E(N-3)*DELTA(N-3)-ALPHA(N-2) 3
*GAMMA (N-2) *GAMMA (N-2)
GAMMA(N-1) = (F(N-1)-E(N-2)*GAMMA(N-2))/ALPHA(N-1)
ALPHA(N) = D(N)-E(N-2)+*DELTA(N-2)-ALPHA(N-1) &
*GAMMA (N-1) *GAMMA (N-1)

2nd STEP: UPDATE Lz=b, Dc=z

Z(1) = B(1)
Z(2) = B(2)-GAMMA(1)*Z(1)
DO i=3,N
Z(i) = B(i)-GAMMA(i-1)*Z(i-1)-DELTA(i-2)*Z(i-2)
END DO
DO i=1,N
C(i) = Z(i)/ALPHA(i)
END DO

3rd STEP: BACKSUBSTITUTION L~Tx=c

X  =c)
X(N-1) = C(N-1)-GAMMA (N-1)*X(N)
DO i=N-2,1,-1
X(i) = C(i)-GAMMA(i)*X(i+1)-DELTA(i)*X(i+2)
END DO
END SUBROUTINE SUBSDIAG

SUBROUTINE TENSION2D(NUM_PT_X,NUM_PT_Y,X,Y,F,P,Q,P1,Q1,LOWER_Q)
!

! BY MR.ANIRUT LUADSONG

! NOV 2001

! GENERATE 2D TENSION PARAMETERS
]

IMPLICIT NONE

INTENT(IN) :: NUM_PT_X,NUM_PT_Y,X,Y,F,LOWER_Q
INTENT(OUT) :: P,Q,P1,Q1

INTEGER :: i,j,NUM_PT_X,NUM_PT_Y

REAL :: LOWER_Q

REAL,DIMENSION (NUM_PT_X-1,NUM_PT_Y-1) P,Q
REAL,DIMENSION (NUM_PT_X-1,NUM_PT_Y) P1
REAL,DIMENSION (NUM_PT_X,NUM_PT_Y-1) QL
REAL,DIMENSION (NUM_PT_X,NUM_PT_Y) F
REAL,DIMENSION (NUM_PT_X) X, TMP_FX
REAL,DIMENSION (NUM_PT_Y) i Y,TMP_FY

)
! FIND TENSION PARAMETERS ALONG THE MAIN MESH
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DO j=1,NUM_PT_Y

CALL TENSION(NUM_PT_X,X,F(:,j),P1(:,j),LOWER_Q)

END DO
DO i=1,NUM_PT_X

CALL TENSION(NUM_PT_Y,Y,F(i,:),Q1(i,:),LOWER_Q)

END DO
FIND TENSION PARAMETERS INSIDE SUBDOMAIN

DO j=1,NUM_PT_Y-1
TMP_FX(:) = (F(:,j)+F(:,j+1))/2.

CALL TENSION(NUM_PT_X,X,TMP_FX,P(:,j),LOWER_Q)

END DO
DO i=1,NUM_PT_X-1
TMP_FY(:) = (F(i,:)+F(i+1,:))/2.

CALL TENSION(NUM_PT_Y,Y,TMP_FY,Q(i,:),LOWER_Q)

END DO

END SUBROUTINE TENSION2D

SUBROUTINE TENSION(END_PT,X,F,Q,LOWER_Q)
!

BY MR.ANIRUT LUADSONG
NOV 2001
GENERATE 1D TENSION PARAMETERS

IMPLICIT NONE

INTENT(IN) :: END_PT,X,F,LOWER_Q

INTENT(OUT) :: Q

INTEGER :: i,END_PT

REAL :: SLOPE_F_STPT,SLOPE_F_EDPT,TMP_L,TMP_R,LOWER_Q
REAL,DIMENSION (END_PT) : X,F

REAL,DIMENSION (END_PT-1) Q,H,DIVID

REAL,DIMENSION (2% (END_PT)) :: L_EQ_Q,R_EQ_Q

DO i=1,END_PT-1

H(i) = X(i+1)-X(1)

DIVID(i) = (F(i+1)-F(i))/(1.*H(i))
END DO

SLOPE_F_STPT = (-F(3)+4.*F(2)-3.*F(1))/(1.*H(1)+1.%H(2))
SLOPE_F_EDPT = (F(END_PT-2)-4*F (END_PT-1)+3F (END_PT))/
(1.*H(END_PT-1)+1.*H(END_PT-2))

IF (LOWER_Q .EQ. 0) THEN
Q = 0.00000001
ELSE
DO i=1,END_PT-1
Q = LOWER_Q
END DO
END IF

-

i =
R_EQ_Q(i) =
L_EQ_Q(i) = 0.

-

DO WHILE ((L_EQ_Q(i).LT.R_EQ_Q(i)).AND.(Q(i).LE.85))

IF ((SLOPE_F_STPT .EQ. 0) .AND. (DIVID(i)

R_EQ_Q(i) = 200
ELSE IF (SLOPE_F_STPT .EQ. 0) THEN
R_EQ_Q(i) = 0.005
ELSE IF (DIVID(i) .EQ. O) THEN
R_EQ_Q(i) = 200
ELSE
R_EQ_Q(i) = SLOPE_F_STPT/DIVID(i)
END IF

Added in 28/01/02 at ANU, Canberra,
for supporting UNIX(SUN) system

DO WHILE (ABS(SINH(Q(i))-Q(i)).EQ.0.)
Qi) = Q(i)+0.0001
END DO
End of added

.EQ. 0)) THEN

L_EQ_Q(i) = -Q(i)*(1-COSH(Q(i)))/(SINH(Q(i))-Q(i))

Qi) = Qi)+t
END DO
Q@) = QG-
DO i=2,END_PT-2
TMP_R = 1
TMP_L = 0

DO WHILE ((TMP_L .LT. TMP_R).AND.(Q(i).LE.85))

IF ((DIVID(i) .EQ. 0) .AND. (DIVID(i-1)

R_EQ_Q(i) = 200
ELSE IF (DIVID(i-1) .EQ. 0) THEN
R_EQ_Q(i) = 0.005
ELSE IF (DIVID(i) .EQ. 0) THEN
R_EQ_Q(i) = 200
ELSE
R_EQ_Q(i) = DIVID(i-1)/DIVID(i)
END IF

Added in 28/01/02 at ANU, Canberra,
for supporting UNIX(SUN) system

DO WHILE (ABS(SINH(Q(i))-Q(i)).EQ.0.)

.EQ. 0)) THEN

&
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Q@i) = Q(i)+0.0001
END DO
End of added
L_EQ_Q(i) = -(2./3.)*Q(i)*(1-COSH(Q(i)))/(SINH(Q(i))-Q(i))
IF ((DIVID(i) .EQ. 0) .AND. (DIVID(i+1) .EQ. 0)) THEN
R_EQ_Q(i+END_PT) = 200
ELSE IF (DIVID(i+1) .EQ. 0) THEN
R_EQ_Q(i+END_PT) = 0.005
ELSE IF (DIVID(i) .EQ. O) THEN
R_EQ_Q(i+END_PT) = 200
ELSE
R_EQ_Q(i+END_PT) = DIVID(i+1)/DIVID(i)
END IF

Added in 28/01/02 at ANU, Canberra,
for supporting UNIX(SUN) system

DO WHILE (ABS(SINH(Q(i))-Q(i)).EQ.0.)
Q(i) = Q(i)+0.0001
END DO
End of added
L_EQ_Q(i+END_PT) = (2./3.)*Q(i)*(COSH(Q(i))-1)/(SINH(Q(i))-Q(i))
TMP_L = L_EQ_Q(i)+L_EQ_Q(i+END_PT)

TMP_R = R_EQ_Q(i)+R_EQ_Q(i+END_PT)
Q@) = Q)+t
END DO
Q@) = Q-1
ND DO
= END_PT-1
MP_R = 1
MP_L = 0

0 WHILE ((TMP_L .LT. TMP_R).AND.(Q(i).LE.85))

IF ((DIVID(i) .EQ. 0) .AND. (DIVID(i-1) .EQ. 0)) THEN
R_EQ_Q(i) = 200

ELSE IF (DIVID(i-1) .EQ. 0) THEN
R_EQ_Q(i) = 0.005

ELSE IF (DIVID(i) .EQ. 0) THEN
R_EQ_Q(i) = 200

ELSE
R_EQ_Q(i) = DIVID(i-1)/DIVID(i)

END IF

Added in 28/01/02 at ANU, Canberra,
for supporting UNIX(SUN) system

DO WHILE (ABS(SINH(Q(i))-Q(i)).EQ.0.)
Q(i) = Q(i)+0.0001
END DO
End of added
L_EQ_Q(i) = -(2./3.)*Q(i)*(1-COSH(Q(4)))/(SINH(Q(i))-Q(i))
IF ((SLOPE_F_EDPT.EQ.O).AND. (DIVID(i).EQ.0)) THEN
R_EQ_Q(i+1) = 200
ELSE IF (SLOPE_F_EDPT .EQ. 0) THEN
R_EQ_Q(i+1) = 0.005
ELSE IF (DIVID(i) .EQ. 0) THEN
R_EQ_Q(i+1) = 200
ELSE
R_EQ_Q(i+1) = SLOPE_F_EDPT/DIVID(i)
END IF

Added in 28/01/02 at ANU, Canberra,
for supporting UNIX(SUN) system

DO WHILE (ABS(SINH(Q(i))-Q(i)).EQ.0.)
Q(i) = Q(i)+0.0001
END DO
End of added
L_EQ_Q(i+1) = Q(i)*(COSH(Q(i))-1)/(SINH(Q(i))-Q(i))
TMP_L = L_EQ_Q(i)+L_EQ_Q(i+1)

TMP_R = R_EQ_Q(i)+R_EQ_Q(i+1)
Q) = Q)+l

END DO

Qi) = Qi)-1

DO i=2,END_PT-2
IF ((DIVID(i).EQ.DIVID(i+1)).AND.(DIVID(i).EQ.DIVID(i-1))) THEN

Q(i) = 400.
END IF
END DO
IF ((DIVID(1).EQ.DIVID(2)).AND. (DIVID(1).EQ.SLOPE_F_STPT)) THEN
Q(1) = 400.
END IF

IF ((DIVID(END_PT-1).EQ.DIVID(END_PT-2)).AND. (DIVID(END_PT-1).EQ. &
SLOPE_F_EDPT)) THEN
Q(END_PT-1) = 400.
END IF

SUBROUTINE TENSION
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Appendix D

MatLab Code for Creating
Graphics

To Produce a Graphic for 1-D DMBVP by MatLab

fx=fopen(’X.TXT’,’r’);
fu=fopen(’U.TXT’,’r’);
x=fscanf (fx,’%g’) ;
u=fscanf (fu, ’%g’) ;
plot(x,u);

fclose(fx);
fclose(fu);

To Produce a Graphic for 2-D DMBVP by MatLab

fidl=fopen(’2D_X.TXT’,’r’);

fid2=fopen(’2D_Y.TXT’,’r’);

fid3=fopen(’2D_U.TXT’,’r’);

fid4=fopen(’SIZE.TXT’,’r’);

x=fscanf (fid1,’%g’);

y=fscanf (£id2,’%g’);

u=fscanf (£id3,’%g’);

s=fscanf (fid4,’%g’);

x=reshape (x,s(2,1),s(1,1));

y=reshape(y,s(2,1),s(1,1));

u=reshape (u,s(2,1),s(1,1));

xx=transpose (x) ;yy=transpose(y) ;

uu=transpose(u) ;fclose(fidl);

fclose(fid2);

fclose(£fid3);

fclose(fid4);

mesh (xx,yy,uu)

xlabel(’x’)ylabel(’y’)zlabel(’z’)

axis([min(min(xx)) ,max(max(xx)) ,min(nin(yy)),
max (max(yy)) ,min(min(uu)) ,max (max (uu))])
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- Customer Support, Professional Computer Company Limited (A joint ven-
ture company of Loxley & IBM Thailand), 1994-1995.

- Lecturer in Mathematics at King Mongkut’s University of Technology Thon-
buri, Bangkok, Thailand, Since 1997.

- Long Term Visitor, Centre for Mathematics and its Applications, The Aus-
tralian National University, Canberra, Australia, January 2002 - May 2002.

PUBLICATIONS:

- Boris Kvasov and Anirut Luadsong, “Approximation by Lagrange splines”,
in: Proceedings of the Fourth Annual National Symposium on Computa-
tional Science and Engineering (ANSCSE’2000), Kasetsart University, March
27-29, 2000, pp. 306-315.

- Boris Kvasov and Anirut Luadsong, “Difference method for constructing
shape-preserving splines”, in: Proceedings of the Fifth Annual National
Symposium on Computational Science and Engineering (ANSCSE’2001),
Bangkok Conventional Center (BCC), Central Plaza, June 18-20, 2001, pp.
390-397.



