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Chapter 1

Introduction

In general, almost all differential equations are very difficult to solve ex-
plicitly. Numerical methods are frequently used with much success for obtaining
approximate solutions. However, exact solutions are interesting because with their
help, one can analyze the properties of the equations studied. One of the methods
used for finding exact solutions of differential equations is group analysis.

A general survey of the method of group analysis can be found in Ovsian-
nikov (1978) and Ibragimov (1999). This technique involves the study of symme-
tries of equations, by which one means a local group of transformations mapping
a solution of a given system of equations to another solution of the same system.
Symmetries make it possible to reduce the number of dependent and independent
variables in a system, and also to construct new solutions from known solutions.
There are two types of solutions which can be obtained by group analysis: invari-
ant and partially invariant solutions.

In contrast to deterministic differential equations, there have been only few
attempts to apply symmetry techniques to stochastic differential equations. They
fall into two general groups as outlined in the following.

Consider a system of Itd equations,
dr; = fi(t,x)dt + gy (t,x)dB, (i=1,...,n;k=1,...,71) (1.1)

where f;(t,z) is a drift vector, g, (¢, ) is a diffusion matrix and By(k = 1,...,7)
are standard Brownian motions; the repeat index £ means summation.

Recall that a Brownian motion or Wiener-Levy process is a real-valued



stochastic process {B(t) };>¢ satisfying the properties :

(1) continuity: the map s — B(s,w) is continuous almost surely.

(2) independent increments: if s <t , then B(t) — B(s) is
independent of (the past) Fs = 0(B(u) : u < s).

(3) stationary increments: if s <t | then B(t) — B(s) and

B(t — s) — B(0) have the same distribution functions.
A Brownian motion is said to be standard if it satisfies the following properties :

(a) B(0,w) = 0 almost surely.
(b) E{B(t)} =0 for all t > 0.

(c) E{B(t)*} =t for all t > 0.

The first approach of applications of group analysis to stochastic differential
equations (Misawa (1994), Albeverio and Fei (1995), Gaeta and Quintero (1999)

and Gaeta (2004)) deals with fiber-preserving transformations

T = ¢i(t,w,e), t=¢(te) (i=1,..,n). (1.2)
The general form of the infinitesimal generator in this approach is

Y = r(1)d, + &(t, 2)0s,, (1.3)

where 7(t) = %—f(t,eﬂgzo and & (t,z) = %ﬁ" (t,x,€)|c=0. By using Ito’s for-

mula, this transformation maps (1.1) into the system

a7, = F,(1,7)dt + 5,(1.7)dB,. (1.4)

Recall that according to It6’s formula (see Oksendal (1998)), the evolution

of a scalar function (¢, z) satisfies the condition

1
dl = ([7,5 -+ fj[,j + §gjkglk[7ﬂ)dt + I,jgjkdBk- (15)



The requirement that an infinitesimal transformation map every solution
of (1.1) to a solution of the same system gives the definition of an admitted Lie
group for stochastic differential equations. This approach has been applied to
stochastic dynamical systems (Misawa (1994) and Albeverio and Fei (1995)) and
to the Fokker-Planck equation (Gaeta and Quintero (1999) and Gaeta (2004)).
Its weakness is that it can only be applied to fiber-preserving transformations.

The second approach (Mahomed and Wafo Soh (2001), Mahomed, Pooe
and Wafo Soh (2004), Unal (2003), Unal and Sun (2004), Ibragimov, Unal and
Jogréus (2004)) deals with symmetry transformations for a system of It6 differ-
ential equations involving all the dependent variables in the transformation. The

general form of the infinitesimal generator in this approach is
Y =7(t,2)0; + &(t, x)0,,. (1.6)

This approach has been applied to scalar second-order stochastic ordinary differ-
ential equations (Mahomed and Wafo Soh (2001) and Mahomed, Pooe and Wafo
Soh (2004)), to the Hamiltonian-Stratonovich dynamical control system (Unal
and Sun (2004)), to It6 and Stronovich Dynamical Systems (Unal (2003)) and to
the Fokker-Planck equation (Unal and Sun (2004), Ibragimov, Unal and Jogréus
(2004)). There have also been attempts to involve Brownian motion in the trans-
formation. For the transformation of the Brownian motion in Unal (2003), the

following formula is applied
_ 1 1
dBk ZdBk—i- §€(T7t+fj7'7j +§gjmglm7'7jl)dBk, (k? = 1,...,7“). (17)

Unfortunately, there is no a strict proof that the transformation of Brownian
motion satisfies the properties of the Brownian motion.
In this thesis we construct a Lie group of transformations, involving both

the dependent variables and the Brownian motion in the transformations. We



carefully verify that Brownian motion is transformed to Brownian motion. This
should allow obtaining a correct generalization of application of group analysis to
stochastic differential equations.

This thesis is organized as follows. Chapter II introduces some necessary
knowledge from stochastic processes. Transformations of Brownian motion are
studied in Chapter III. Chapter IV considers notations of group analysis and pro-
vides references to known facts on application of group analysis to constructing
determining equations for admitted Lie groups of transformations for stochastic
differential equations. Chapter V is devoted to developing a new theory of ap-
plication of group analysis to stochastic differential equations with one-dimension
Brownian motion. Chapter VI extends the method developed in the thesis in case

of multi-Brownian motion.



Chapter 11

Stochastic Processes

This chapter is devoted to developing the tools for stochastic processes used
throughout this thesis. In particular, it discusses stochastic integrals with respect

to Brownian motion, martingales, alternative fields and changes of time.

2.1 Stochastic Integration of Processes

Let §2 be a given set of elementary events w ; F a o-algebra of subsets
of Q and P a probability (or probability measure) on F. The triple (Q2, F,P) is
called a probability space. It is assumed that the o-algebra F is generated by a

family of o-algebras F; (t > 0) such that

FsCF CF Vs<t, stel,

where I = [0,T], T € (0, 00].

The nondecreasing family of o-algebras F; is also called a filtration and
the o-algebra F is denoted by F = (F;)i>0. The triple (2, F = (Fi)iz0,P) is
called a filtrated probability space.

A stochastic process X on (Q,F,P) is a collection of random vari-
ables {X(t)}+>0. The process {X(t)}+>0 is said to be adapted to (Fi)iso if
X (t) is Fi-measurable for each ¢t. Denoting the Borel o-algebra on [0, 00) by B,
the process X is called measurable if (t,w) — X(t,w) is a B ® F-measurable

mapping. The process X is said to be continuous if the trajectories t — X (¢, w)



are continuous for almost all w € 2. It is called progressively measurable if
X :[0,t] x Q — R is a B([0,t]) ® Fi-measurable mapping for each 0 < ¢t < oo.

Note that a progressively measurable process is measurable and adapted.

Proposition 2.1. An adapted process that is left-continuous or right-continuous

is progressively measurable.
Proof. See Albin (2001), Theorem 8.8 p.58.

From now on, unless stated otherwise, we let {B(t)}:>0 be a standard
Brownian motion and F; = O'(B(T);O <r< t), t>0. Let 0=ty <t;1 <..<
t, = T be a partition of [0,7] and Yg, Y7, ..., Y,,—1 some random variables which
are adapted to Fy, Fy, ..., Fi,_, respectively and satisfy the conditions E{Y{}, ...

, E{Y;? |} < co. The process {X (t)}+>o which is defined by
X(t) = YOI{O} (t) + Z }{i_ll(tiflyti](t)’ te [0, T]
i=1

is called a simple process. Here, Is denotes the characteristic function of a set S.
The set of simple processes forms the class Sr. In the case T' = oo, there is one

more requirement for a simple process: Y, 1 = 0.

Definition 2.1. For a process X € Sy, the Ito integral of { X (¢)}scpo,7 is defined
by

m

/O X(8)dB(s) = X (1) (B(t) — B(tw)) + > X(ti1)(B(t:) — B(t;1)),

i=1
te (tma tm—i—l] .

A stochastic process { X (t)}+>0 is said to belong to the class Er, T € (0, 0o]



if it is measurable and adapted to (F);>o with

E{/OTXQ(r)dr} < .

Definition 2.2. For a process X € Er, the It6 integral of {X () };cjo,1) is defined

in the sense of convergence in the mean

/X )dB(s) = lim X()dB(s), telo,T),

n—oo

where {X,,}22 ;| is a sequence of simple processes such that

T

lim E(Xn(s) — X(s))ds = 0.

n—oo 0

A stochastic process {X(t)}+>0 is said to belong to the class Pr of pre-
dictable processes on [0,T], 7" € (0, oo] if it is measurable and adapted to (F;)i>o

with

P{/OTX2(T)dT‘ < oo} =1.

Note that Sy C Er C Pr.

A stochastic process X is a nonanticipating functional if it is is measurable

and adapted to (F;);>0 with
t
77{/ X?(r)dr < oo, t>0}=1.
0

Definition 2.3. For a process X € Pr, the Ito integral of {X (t)}scpo,7 is defined

in the sense of convergence in probability,
/ X(s)dB(s) = lim X (s)dB(s), te]|0,T],
where {X,,}2°, is a sequence of processes which belong to the class Er such that

lim (Xn(s) — X(s))ds = 0,

n—oo 0



with limit in the sense of convergence in probability.
Remark 2.1. In Albin (2001) it is proven that processes X,Y € Pr satisfy the
following;;

t
a) The Ito integral / X (1)dB(7) is well-defined for 0 <t < T,
0

b) E<(/tX(T)dB(T))2> - /tE(XQ(T))dT for 0 <t < T (It isometry
property),

) E(/OtX(T)dB(T) /OtY(T)dB(T)) - /OtE(X(T)Y(T))dT for0<¢<T,

d) /0 (aX (1) +bY (1))dB(r) = a/o X(T)dB(T)+b/O Y (7)dB(T) as.
foralla,be Rand 0 <t < T,

t
e) / X(7)dB(T) is F-measurable for 0 <t < T,
0

t
f) { / X (T)dB(T)} is continuous and progressively measurable, with
0 t>0

probability one.

6) X(1)B(t) = /OtX(T)dB(T) +/ B(r)dX (r) for 0 <t < T.

t
0

2.2 Martingale in Continuous Time

We recall the definition of a martingale.
Definition 2.4 (Martingale). A stochastic process {X(¢)}:>o adapted to the

filtration (F;)s>o is called a martingale if it is integrable for any ¢, i.e. F|X ()| < oo



and for any ¢t and s with 0 < s <t < 0o, and
E[X(1)|F]=X(s) as. (2.1)

For us, the most important continuous-time martingales are those {X(¢)} for
which there is a subset Qg of € which P(€) = 1 such that the trajectories
t — X(t,w) are continuous for all w € €. Naturally, these will be called

continuous martingales.

Definition 2.5 (Stopping time). A nonnegative random variable 7, which
is allowed to take the value oo, is called a stopping time with respect to the

filtration F; = (F;)s<; if for each ¢, the event {w : 7(w) <t} € F.

Let X (¢) be any collection of random variables indexed by ¢ € [0,00) and 7
a stopping time. One defines the stopping time variable X on the set {w : 7(w) <

oo} by taking

provided 7(w) = t.

Definition 2.6. A family {X,}.cp of random variables is said to be uniformly
integrable if
E[|Xa|f{|xa|>n}] —0

uniformly in o as n — co. That is

lim SUPE[|Xa|]{\Xa\>n}} =0.

=00 qe

Definition 2.7 (Local martingale). An adapted process {X (¢)};>¢ is called a

local martingale if there exists a sequence of stopping times 0 < 7 <7 < ... with

lim 7, = o0 a.s.

n—oo
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and for each n, the stopping process {Xias, h>0 is a uniformly integrable

martingale in ¢, where Xz, (w) = X (s,w) and s = min{¢, 7,,(w)}.

Lemma 2.1. A continuous local martingale { X (¢)}+>o such that
| Xi| < Zr as. forall t € [0,T],

for some random variable Zr with E[Zr] < oo is a martingale on [0, T for each

T>0.

Proof. By the property of local martingale, there exists a sequence of stopping
times 0 < 7 < 71 < ... with klim T, = 00 a.s. such that {X;a., }i>0 is a uniformly
—00

integrable martingale for every n. Then X (¢t A 7,) — X () as kK — oo a.s. Since

| X¢| < Zr as.,

/I{|X<tATk)|>n}\X(t A 13,)|dP g/ ZrdP, for all k.
Q

{w:Zr (w)>n}
Then

Sl}ip/]{X(t/\'rk)>n}|X(t/\Tk)|dP§/ ZrdP.
Q

{w:Z7p(w)>n}

But E[Z7] < o0, so that / ZpdP — 0 as n — oo, and hence {Xiar, }52,
{w:Zp(w)>n}
is uniformly integrable for every t € [0,7]. To show that X (¢) is integrable, let

p(w) = sup EIX (¢ A m)llixnn e
Since {Xinr, 172, is uniformly integrable, p(x) — 0 as x — oco. But
(X AT L xeami=ar = X O x 10
as k — oo a.s. Then by Fatou’s lemma,

BIX O yx@i>a] < lim inf BX(EA 7)[1x@an) 5] < p(2)- (2.2)



11

Then BX(0)] = EIX () Iyxisn] + EIXOlxwin] < ple) +2, 50 X(8) is
integrable.
It is left to show that (2.1) holds. We first show that F [|X(t/\7k)—X(t)| —

0 as kK — oo. Since
[ X (t A7) = X(O)] < [X(EAT) — X (O x(0A70) <0}

HX (A TE) [ xtAm) 152y + [ X O 1x A7) |52}

then E[|X (¢ A7) — X (0[] < E[|X (A7) = X(8)[Lx (077 1<a3]

FE[X (A7) gxennoisay] + EIX O x ean) >0

Since | X (t A1) — X (8)|I{1x tar)<ey < 227 and | X(tAT,) — X (t)] — 0 a.s., by the
Dominated Convergence Theorem, E[|X (t A 1) — X (¢)| 1| x tar)|<a}] — 0 as k —
00. And since |X(t)|]{|X(t/\‘rk)|>x} S ZT and |X(t)|l{|X(t/\7—k)|>x} — |X(t)|f{|x(t)‘>x},

by the Dominated Convergence Theorem, and (2.2)

Bl X (O x @) >ey] — EIX @) 1x@)>23] < p(x)

as k — oo. Then E[|X(t A Tg) — X(t)@ < 3p(z), for sufficiently large k. By

choosing = to make p(z) as small as we like, we see that
E[[X(t ATi) — X(t)@ 0 as k — oo. (2.3)

Next, let 0 < s < ¢t < T. Since E[X(t)], E[X(t A 7)], .. are
finite, E[X(¢)|F], E[X( A m)|F), ... exist and unique. By (2.3),
B[EIX( A m)|F] - EIX@|E]] = BIB(X( A7) - XQIFI] <
E[E[|X(t A7) — X(t)ufs} - E[|X(t A7) — X(t)@ ~ 0as k — oo
Then E[X(t A )| F] — E[X(t)|F,] in L'. But X(t A 7;) is a martingale, so
that E[X(t A 7,)|Fs] = X(s A7) for all k. Then X(s A7) — E[X(t)|F,] in

L'. On the other hand, X (s A7) — X(s) a.s. and |X(s A 7)| < Zr, so by the
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Dominated Convergence Theorem, E[X (s A 7)] — E[X(s)] as k — oo, that is
X(s A7p) — X(s) in L'. By uniqueness of limits, E[X(¢)|F,] = X(s) as. We

have shown that {X(¢)};>o is a martingale on [0, 7.

Definition 2.8. A stochastic process {Y(¢)}cjor] is said to be bounded if

Y (t)] < K for all t € [0,T], with probability one, for some constant K > 0.

Theorem 2.1. For X € U Pr, there exists a sequence of stopping times

0<T <00
0< 7 <71 <..with P( lim 7, = oo) = 1 such that

n—oo

tATh

{ X dB} is a bounded martingale for every n € R.
0 t>0

t
In particular, the process { / XdB } is a local martingale.
0 >0

Proof. See Albin (2001), Theorem 12.10 p.76.

2.3 Alternative Fields and Time Change

2.3.1 Alternative Fields and Stopping Time Identity

We now introduce a filtration which will play an essential role in
our investigation of the representation of a stochastic integral as a time change of
Brownian motion.

Let 7 be a {F;}-stopping time. Set
F.={AeF:An{w: 7(w) <t} € F,forall t > 0}.

One easily shows that F. is o-algebra.
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Proposition 2.2. Let 7 be a {F;}-stopping time. Suppose that {X(t)}:>0 is

progressively measurable. Then X, is F, -measurable.

Proof. First show that Then {X, <y} nN{r <t} € F, forall y € R. Fix t > 0,
construct ¢ : {w : T(w) < t} — [0,¢] x Q by p(w) = (7(w),w). Since T is a

stopping time, 7: ({7 < t}, F N {r <t}) — ([0,¢], B([0,1])) is measurable, so
{w:pw)eBx A} =AN{w:7(w) € B} for all A € F, and B € B(|0,1]).

By construction of the product measure, it follows that the map ¢ from ({w :
T(w) < t}, Fn{r < t}) into ([0,¢] x 2, B([0, t]) ® F;) is measurable. But the map
X from ([0,t] x Q,B([0,t]) ® F;) into (R, B(R)) is measurable, hence X, = X o
is measurable from ({T < t}, F;N{r <t}) into (R, B(R)). Then {X, < y}Nn{r <
t} € F, for all y € R.

It is left to show that for all y € R, {X, <y} € F,. Since {X, < y}n{r <
n} € F, C F for all n,

(X, <yp=J{x- <yn{r<n}er

n=1

Then {X, <y} € F.. Hence X, is F,-measurable.

2.3.2 Time Change of a Local Martingale

All of the prerequisites have been assembled, and we are ready to
present the main result of this section, namely that a time change of a local

martingale is also a local martingale.

Proposition 2.3. Suppose that {F; : 0 <t < oo} is a filtration and the process
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{m : 0 <t < oo} is monotone in the sense that 7, < 7, for all 0 < s <t < oo. If
{nn<u}eF, foralt>0andu>0,
and if {X;, F:} is a continuous local martingale, then {X,,F,} is also a

continuous local martingale.

Proof. See Michael Steele (2001), Proposition 7.13, p.108.



Chapter III

Stochastic Integrals as Time Change of

Brownian Motion

In this chapter, we prepare the mathematical tools required for defining
the transformation of Brownian motion.

The constructions below are similar to (Oksendal(1998), section 8.5). Let
n(t,z,a) be a sufficiently many times continuously differentiable function and
{X(t)}+>0 a continuous and adapted stochastic process. Since n?(t,z,a) is contin-

uous, n?(t, X (t,w), a) is also an adapted process. Define

B(t,w,a) :/0 n°(s, X (s,w),a)ds, t>0. (3.1)

For brevity we write 3(t) instead of (¢, w, a). The function ((t) is called a random
time change with time change rate n?(t, X (t,w), a). Note that 3(t) is an adapted
process. Suppose now that n(t,z,a) # 0 for all (¢,z,a). Then for each w, the map

t — [(t) is strictly increasing. Next define
alt,w,a) = igg{s 1 B(s,w,a) > t}, (3.2)

and for brevity, write «(t) instead of a(t,w,a). For almost all w, the map t —
a(t) is nondecreasing and continuous. One easily shows that for almost all w, and

for all t > 0,

Bla(t)) =t = a(B(1)). (3.3)
Since ((t) is an Fi-adapted process, one has

{w:a(t) <s}={w:t<pB(s)} € Fs, forallt>0ands>0.
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Hence t — a(t) is an Fs-stopping time for each ¢.
The following theorem will be crucial for defining the transformation of a

Brownian motion.

Theorem 3.1. Let n(t, z,a) and {X (¢) }+>0 be as above and {B(t) }+>0 a standard

Brownian motion. Define

B(t) :/0 n(s, X (s,w),a)dB(s), t>0. (3.4)

Then (Ba), Fa)) is a standard Brownian motion, where
Fory ={A e F:An{w: at) < s} € Fy,for all s > 0}.

Proof. Obviously, B(0) = 0 a.s. Next we show that {Bg}i>0 is continuous.

Since the process {n?*(s, X (s,w),a)}s>o is continuous,

P{{w: /0 7’ (s, X (s,w),a)ds < oo}) = 1, (3.5)

for each 0 < T' < oco. Because X (t) is F-measurable and the function (¢, z, a)
is continuous, 7(t, X (t,w), a) is also F;-measurable. Hence {n(t, X (¢t,w),a)}>o
is adapted to (F;)i>0. Since the process {n(t, X (t,w), a)}+>o is continuous, it is
progressively measurable, hence measurable and adapted. Thus n € Pr, for all
T > 0. By Remark 2.1, the Ito process {/Otn(s,X(s,w),a)dB(s)}t>0 is contin-
uous. Since for almost all w, the map ¢t — «(t) is continuous, {Ba(t_) H>o is also

continuous.

It left to show that {Ba(t)}tzo has independent and stationary increment.

t 1 t
Let Z, = exp <29/ n(s,X(S,w),a)dB(s)+§92/ nQ(S’X(s,w),a)ds). Then
0 0

the process {Z; }1>0 is continuous. Now write (3.4) as

B(t) = B(0) +/0 n(s, X(s,w),a)dB(s).
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Using the function F(x) = ¢ and 1td’s formula, one has

N - tq - t o
oi0B(t) _ ,i0B(0) _/ 562776193(5)658_,_/ ienezaB(s)dB(s).
O 0
Similarly, writing

B(t) = 5(0) +/0 n*(s, X(s,w), a)ds,

and using the function G(z) = e2%’* and the Fundamental Theorem of Calculus,

one has

t
CO80) _ 50280) / L2280 g
0 2
Then by Ito’s formula, one has

Z, — Zy = 9Bt 30°B() _ i9B(0),36°5(0)

t t
— / 1627]26193(5)6%925(5)d8 . / 192n2ei93(s)6%025(s)d5
0 2 0 2

t _ t
+/ i@newB(s)e%eQ’g(s)dB(s) :/ i0nZsdB(s),
0 0

which shows that Z; is an dB(t) integral. Hence Z; is a continuous local mar-
tingale. Since for each w, the map ¢ — «(t) is nondecreasing and continuous,
and t — «(t) is an Fg-stopping time for each ¢, it follows from proposition 2.3
that (Za), Fa(r)) is also a continuous local martingale. Fix T' € (0, 00). Then for

almost all w, one has

1

a(t) at)
| Zagw |= | exo (0 / 1(s, X (s,), a)dB(s) + 50° / (s, X (5,0),0)ds ) |
0 0

1 alt) 1
= exp (592/ 772(3,X(3,w), a)ds) = exp (5926(a(t)>
0
1, 1,
= exp(§9 t) < exp(§9 T),

for all t € [0,77]. It follows from lemma 2.1 that (Zu(), Faq)) is a martingale on
[0, T. Since the process { B, }+>¢ is continuous and adapted to {F; }:>0, by proposi-

tion 2.1, it is progressively measurable. Because ¢t — «(t) is an Fy-stopping time
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for each t, { By (s) }s>0 is adapted to {Fus) }s>0, hence exp(—ifBys)) is adapted to
{Fas)}s>0. Thus exp(—i&Ba(s)) is Fo(s)-measurable. Since exp(—%@Qt) does not

depend on w, one has

_1p2y _i0B
E|:6 29 te Z@Ba(s)Za(t)

fa(s)] — 6_%92t6_iGBQ<S)E|:Za(t)

Fa(s):| :

a.s. for all 0 < s <t <T. Now by the martingale property,

B [Za(t)

fa(s)i| = Za(s) a.s. for all 0 <s<t< T.
and hence for all 0 < s <t < T,

E [eiQ(Bam*Ba(s))

Fa(s)] =F |:Za(t)67%02t€7i930‘(3)

fa(sﬂ

—_ 192y _i0B _ 1924y _i9B 0B 1g2 —le2(4—
—¢ 29 te leBa<S>Za(S) —¢ 29 te l@Ba<s)€’L€Ba(S)e29 s __ e 29 (t—s) a.s.

Claim. Let 7 and F” be o-algebras such that 7 C F”. Suppose Y is an
F’-measurable random variable such that E[exp(ifY)|F'] = exp(—36%0?). Then
Y is independent of F' and it has the Gaussian distribution with mean zero and

variance 2.

Proof of the claim : Let A € F'. Calculate Elexp(i0Y)14] as follows:

Elexp(i0Y)14] = /

exp(i0Y ) 4dP = /
Q

exp(i0Y)dP = / Elexp(i0Y )| F'dP

A
= /Aexp(—%9202)dP = exp(—%@QUQ)/AdP = exp(—%9202)P(A).
Consider the characteristic function of Y whose distribution function Fy is given

by
66) = [ expliba)dFy(v) = ElexpitY )],
R
where Fy : R — [0,1] is defined by Fy(z) = P(Y < z) for all x € R. By taking

A =, it is readily computed by

6(0) = Elexp(ifY)] exp(—%9202).
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This formula provides the characteristic of a Gaussian distribution with mean 0
and variance 2. To show that Y is independent of F’, let A € F' be such that
P(A) > 0. Define P4 : F” — [0,1] by

~ P(ANB)

PA(B) = W, for B S f//.

One easily shows that P, is a probability measure, so that (Q, F”, P,4) is a proba-
bility space. Consider the characteristic function of Y whose distribution function
Gy 1is given by
o(0) = /exp(i@x)de(a:) = Flexp(i0Y)],
R

where Gy : R — [0, 1] is defined by Gy (x) = Ps(Y < z) for all z € R. One easily

shows that for an F”-measurable random variable Z,

E(Z1,4)
Ex(Z) = .
a(Z) P
But exp(i0Y) is F’-measurable, and
E 0Y)1 —30%0%)P 1
E4(exp(ifY)) = (exp(i6Y)14) = oD(—30707) P = exp(—50%0?),
Py Py 2

SO

5(0) = Ealoxp(ifY)] = exp(—%9202).

This formula provides the characteristic of a Gaussian distribution with mean 0

and variance 2. By uniqueness of the characteristic function, one gets
Py(Y <z)=Gy(z) = Fy(x) = P(Y <z) forall z €R,
thus
PAN{Y <z})=P(A)Ps(Y <z)=P(A)P(Y <z) foral xzeR.

This show that Y is independent of any A € F’ with P(A) > 0. But Y is

independent of any A € F’' with P(A) =0, so Y is independent of F’.
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By the claim, By — Bay(s) is independent of F,s) and it has Gaussian distribution
with mean zero and variance t — s, for all 0 < s < t < oo. It follows that

(Ba(t), Fa)) is a standard Brownian motion.



Chapter 1V

Group Analysis

In this chapter, the group analysis method is discussed as it applies to
stochastic processes. A general introduction to this method can be found in
various textbooks (cf. Ovsiannikov (1978), Handbook of Lie group analysis (1994),

(1995), (1996)).

4.1 Lie Group of Transformations for Stochastic Processes

Assume that the set of transformations
t=H(t,r,a), ==t xa) (4.1)

composes a Lie group. Let h(t,x) = H,(t,z,0), £(t,x) = @4 (t, z,0) be the coeffi-

cients of the infinitesimal generator

According to Lie’s theorem, the functions H(¢,x,a) and (¢, x,a) satisfy the Lie

equations
OH

S =), SE=ghy) (4.2)

da
and the initial conditions for a = 0:

H(t,x,0) =t, @(t,z,0)==z. (4.3)

Since Hy(t,z,0) = 1, then H,(t,z,a) > 0 in a neighborhood of a = 0, where one

can find a function 7(t, z,a) such that

7]2(25, x,a) = Hy(t,z,a).
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Using the function ¢(¢, z,a), one can define a transformation X (,w) of a stochas-
tic process X (t,w) by

X(T,w) = ¢(ald), X(a(D),w),a), (4.4)

where the functions 3(t) and «(¢) are as in formulae (3.1) and (3.2). This gives an
action of Lie group (4.1) on the set of stochastic processes. Replacing t by 5(t),

one gets

X(B(t),w) = o(t, X(t,w), a).
In calculations of an admitted Lie group of transformations' it is useful to
introduce the function
T(t, z) = n4(t, x,0).
Notice that the functions h(t,x) and 7(t, z) are related by the formulae

he(t, x)

T(t,x) = 5

h(t ) :2/0t7'(s,:1c)d3.

Similar to partial differential equations, the functions 7(¢,z) and £(t, z)
define a Lie group of transformations for stochastic processes. In fact, given

7(s,x) and (s, ), one sets

h(t,z) = 2/0t7(s,:z:)ds.

Solving the Lie equations (4.2) with initial conditions (4.3), one then finds the
functions H(t,z,a) and p(t,z,a).
4.2 Determining Equations

This section is devoted to constructing determining equations of an admit-

ted Lie group of transformations for stochastic differential equations.

'The proper definition of an admitted Lie group of transformation will be given in the next

section.



23

Let the set of transformations (4.1) compose a Lie group. Assume that

X(t,w) is a continuous and adapted stochastic process satisfying the equation

X(t,w):X(O,w)—i-/o f(s,X(s,w))ds—i—/O g(s, X (s,w))dB(s), (4.5)

where the drift vector f = (fi, ..., fn) and the diffusion matrix g = (gix)nx, are

¢
given functions, B = (By, ..., B;) is multi-Brownian motion, / f(s, X (s))dt is a
0

t
Riemann integral and / g(s, X (s))dB(s) is an It6 integral.
0

Theorem 4.1 (Existence and Uniqueness). Suppose that the coefficients f
and g of equation (4.5) with initial condition X (0) = x, satisfy a space-variable

Lipchitz condition
[f(t2) = f(ty)l? +1g(t, ) — g(t, )] < Kz -y,
and the spatial growth condition,
[f(t2)* + gt ) < k(1 + |2f),

for some positive constant k. Then there exists a continuous adapted solution X,

of equation (4.5) that is uniformly bounded in L*(dP):
sup E (Xf) < 00.
0<t<T

Moreover, if X; and Y; are both continuous L? bounded solutions of equation (4.5)

then
P(Xy =Y, forallt € [0,T]) = 1.

Proof. See Michael Steele (2001), Theorem 9.1 p.142.

In chapter III, it was proven that the processes

a(t)
Bk(t):/o n(s, X (s,0),a)dBu(s), t>0, (k=1,.r)
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are standard Brownian motions. Consider

Y(t,w) = X(B(t),w),

where

X(t> w) = gD(Oé(t), X(a(t)’ w)’ a)

is the transformation of the stochastic process X(¢,w) given by (4.4). In the

previous section it was shown that for almost all w, there is a relation

P(t,w) = p(t, X(t,w),a).
Due to It6’s formula, one has

¢ 1
Y(t,w) =1(0,w) + /0 (o + fip; + 59]‘1@9%@,;‘0(87)((8,00), a)ds

t (4.6)
+/0 9ik (5, X (s, w), a)dBy(s).

Because X(t,w) is a solution of (4.5) and ¢,(t,z,a) is a continuous function,
g(t, X(t,w))p.(t, X(t,w),a) is a continuous process and gy, is a nonanticipat-
ing functional. According to the time change formula for It integrals (McKean

(1969)), a nonanticipating functional e with

¢ ¢
P</62d8+/n2ds<oo, tZO)zl
0 0

satisfies the formula

a(t) p t 1 p
/0 e(s,w)dB(s) :/0 e(a(s)’w)n(a(s),X(a(s),w),a) B(s). (4.7)

Applying this formula to the last term of equation (4.6), one obtains

@Dz(t, w) == LDZ(O, w)
)

B(t
[t Lo+ gonaneia) (a(s). Xals) ). a)or(s)ds (4

+/O/J'(t) %<a(s),X(Oz(S),W),Cl>dBk:(3)a (i=1,...n).
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t
Since [(t,w,a) = / n*(s, X (s,w),a)ds and B(a(f)) =7 for almost all w, then
0

n?(a(t), X (a(l),w), a)az(f) = 1.

This gives
az(s) = n~*(a(s), X (a(s),w), a). (4.9)

Substitution of az(s) into (4.8) leads to the equation

¢i (t, W) = ¢Z(07 W)

B(1) ) NPT (e L
(pz,t + f](Pz,] + ngkglk(;pz,ﬂ
-l—/o ( e ) (a(s), X(a(s),w), a) ds (4.10)

Jr/Oﬂ(t) M<@(5),X(a(s),w),a>dBk(5)v (i=1,..,n).

Ul

Requiring that transformations (4.2) map a solution of equation (4.5) into a so-

lution of the same equation, one obtains

X(fw) = X(0 / Pl Xsds + [ oo, X(s.)dB(s).

Substituting ¢ = (3(t) into this equation, one gets

_ B(t) _ B(t) _ _
X(B(t),w) = X(0,w) —|—/O f(s, X(s,w))ds —|—/0 g(s, X(s,w))dB(s). (4.11)

Equations (4.10) and (4.11) will certainly be equal if the integrands of the two
Riemann integrals as well those of the It6 integrals coincide. Comparing the

Riemann and Ito integrals, respectively, one obtains,

(i + fipij + %gjkglk%',jz) (04(15), X(a(t),w), CL)

— filt, X (1, 0))? (a(t),X(a(t),w),a),
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Since X (f,w) = ¢(a(t), X (a(t),w), a), equations (4.12) and (4.13) become

(i + fipis + %gjkgm%,jl)(@(f)7 X(a(t),w),a)

= fi(t,p(a(t), X (a(t),w), a))n*(a(t), X (a(t),w), a),
(4.14)

9ipij(e(t), X(a(t),w), a) = gi(t, p((t), X (a(t),w), a))n(e(t), X(a(t),w), a),
(4.15)

Substituting ¢ = ((t) into equations (4.14) and (4.15) and using (3.2), equations

(4.14) and (4.15) can be rewritten as

(%,t‘f'fj%,j‘i‘%gjkglk%,jl)(ta X(t,w),a) = fi(B(t), p(t, X (t,w), a))n?(t, X (t,w), a),
(4.16)
9ikPij (ta X(tv w)v a) = ik (6<t)7 (p(t, X(t7 w)? a))n(t, X(tv w)v CL), (417>

Differentiating equations (4.16) and (4.17) with respect to the parameter a, one

obtains the equations

(%,ta + fiYija + %gjk:gm%,jla) (t, X(t,w),a)

. (4.18)
= <772<fi,t3_§ + fijPja) + 2fi7777a> (t, X(t,w),a),

0
gjk@iyja(t X<t7 w), ) <gzkna + n(gzk t aﬁ + ik 3P4, a)) <t7 X(t’ w)’ a)7 (419)

Substituting a = 0 into equations (4.18) and (4.19), one has

i i d
(% o )t + fi(%2 a:O),j + 395k9u (5 0),jl (4.20)
:fi,t% B +f2]8¥;; 70+2fi% )
dpi B on 0p;
9it( G| )i = Gikay | F Ging| |+ Giny (9aj B (4.21)
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t
Since ((t,w,a) = / n*(s, X (s,w),a)ds for all t > 0, differentiating this with
0

respect to a, one finds

98
Oa

= t@ ds
a=0 o Oala=0

Substituting %}azo into equations (4.20) and (4.21), one arrives at the following

equations

Eia(t, X (t,w)) + fi&i(t, X (6, w)) + 395mgui(t, X (,w))
—2fi7t(t,X(t,w))/0 7(s, X (s,w))ds — f; ;& (t, X (t,w)) — 2f;7(t, X (t,w)) =0,
368 X (10) = 20t X (12) [ 705, X (s,0)ds

_gik7-<tu X(tv w)) - gik,jgj (tv X(tv w)) = 07

(4.22)
Equations (4.22) are integro-differential equations for the functions 7(¢,z) and
&(t,x). These equations have to be satisfied for any solution X (t,w) of the
stochastic differential equation (4.5). Similar to integro-differential equations
(Grigoryev and Meleshko (1990) and Meleshko (2005)) one can define an admitted

Lie group by using the determining equations (4.22).

Definition 4.1. A Lie group of transformations (4.1) is called admitted by
stochastic differential equation (4.5), if for any solution X(t,w) of (4.5) the

functions £(¢, z) and 7(t, z) satisfy the determining equations (4.22).

The determining equations for an admitted Lie group of transformations
were constructed under the assumption that transformations (4.1) transforms any
solution of equation (4.5) into a solution of the same equation.

Assume that one has found the functions 7(¢, ) and &(¢, x) which are solu-
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tions of the determining equations (4.22). Then the Lie group of transformations

(4.1) is recovered by solving the Lie equations

OH

%(t,x,a) = h(H,p),
Op B
%(t7xva) - §<Ha 90)7

with the initial conditions for a = 0;



Chapter V

Applications to It6 Equations

In this chapter, the theory developed is applied to some stochastic differ-

ential equations.

5.1 Geometric Brownian Motion

Let ;o and o > 0 be constants. Consider the equation discussed in Chalasani
and Jha (1996),
dX(t) = uX(t)dt + o X (t)dB(t). (5.1)

The solution of equation (5.1) with the initial condition X (0) = X is called
geometric Brownian motion. For equation (5.1), the functions in equation (4.22)
are f = px, g = ox. The system of determining equations for equation (5.1)

becomes

& + paly + 502026, — pé — 2uat =0,
(5.2)

oxé, —oxt —o& = 0.

From the second equation of (5.2) one finds

T= i(xfm —£).

Substituting it into the first equation of (5.2), one obtains that the function £(¢, x)

has to satisfy the equation

1
& = paly + 5070 6 + p€ = 0. (5.3)
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For the sake of simplicity we study the particular class of solutions of equation

(5.3) defined by the additional assumption
§(t,x) = F(x).
In this case the determining equation (5.3) becomes
—pzrF'(x) + %02372}7”(&7) + pF(x) = 0.
The general solution of the last equation is
F(z) = Ciz + Cox" (5.4)

where v = i—’; — 1. Hence 7 = Cyyx?, and h(t,x) = 2Cyyx"t. Thus, the admitted
generators are

20y, (0, + 279t0;).

Notice that for v = 0 the second generator coincides with the first.
The Lie group of transformations corresponding to the first admitted gen-
erator is

T=uze", t=t.

Applying It6’s formula to the function ¢ = ze?*, one has
t t
X (t)e* = X(0)e* +/ pX (s, w)e*ds +/ o X (s,w)e*dB(s).
0 0

Because of X (f,w) = X (t,w) = ¢(t, X (t,w),a) = X (t,w)e**, one has

X(t,w)=X(0,w)+ /Ot puX(s,w)ds + /Ot o X (s,w)dB(s).

This confirms that this Lie group transforms a solution of (5.1) into a solution of
the same equation.
Let us construct the Lie group of transformations corresponding to the

second admitted generator

1
:ﬂ(;x@m + 2t8t),
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where 7 # 0. One has to solve the Lie equations
0H dp 1

— =20"H, L =_p!
6& gp ) aa ’Y(IO 7

with the initial conditions for a = 0:

The solution of this Cauchy problem is
H=t(1+az")? ¢=(a+ x’”)_%.

Then n* = H; = (1 + az?)~2. The transformations of the independent variable ¢

and the dependent variable x are

t=H=t(1+az")"2 (5.5)

-

rT=p=(a+ax ") 7, (5.6)

Let us show that the Lie group of transformations (5.5) and (5.6) transforms
a solution of equation (5.1) into a solution of the same equation. Assume that
X(t) is a solution of equation (5.1). According to theorem 3.1, the Brownian

motion B(t) is transformed to the Brownian motion
a(t)
B(t) = / (1+aX"(s))"'dB(s), t>0, (5.7)
0
where

t
B(t) = / (1+aX7(s))"ds, a(t) =inf{s: B(s) >}, t>0.
0 sZ
Applying It6’s formula to the function (¢, z,a) = (a + x‘”)_%, one has

o(t, X (t,w),a) = (0, X(0,w),a) + /0 p(a + X‘V(s,w))fi(l +aX"(s,w)) 2ds

+ [ otat X)) 0+ X (s0) B (),
(5.8)
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By virtue of (4.9),
0
S0 = (140X (D))"
Changing the variable of the integral s = «(5) in the Riemann integral in (5.8),

it becomes

‘ 1 50) 1
/Ou(a—l—XV(s))_v(l—i—aX”(s))2ds:/0 pla+ X(a(s)] ds.

Because of the transformation of the Brownian motion (5.7) and the change of

Brownian motion in the It6 integral (4.7), the It6 integral in (5.8) becomes

t ) B(1) N
/0 o(a+X77(s)) 7 (1 +aX"(s))"'dB(s) :/O ola+X7(«(5))] 7dB(s).

1

Since <a + X*V(a(f),w)>i; = go(oz(f),X(oz(f),w),a) = X(f,w), one gets

Bt Al _ _
o(t, X(t,w),a) = ¢(0,X(0,w),a) +/O puX(s,w)ds + /0 oX(s,w)dB(s).
Because X (B(t),w) = o(t, X (t,w),a) and X (0,w) = ¢(0, X(0,w),a), one has

_ BE) B(t)
X(B(t),w) = X(0,w) + /0 puX (s, w)ds + /0 oX(s,w)dB(s).

This confirms that the Lie group of transformations (5.5) and (5.6) transforms

any solution of equation (5.1) into a solution of the same equation.

5.2 Brownian Motion with Drift
Consider the equation discussed in Chalasani and Jha (1996),
dX(t) = pdt + dB(t), (5.9)

where p is constant. The solution of equation (5.9) with the initial condition

X (0) = Xj is called Brownian motion with drift. For equation (5.9), the functions
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in equation (4.22) are f = u, g = 1. The system of determining equations for

equation (5.9) becomes

&+ pée + %fmr — 2ut =0,
(5.10)

& —1=0.
From the second equation of (5.10) one finds
T=2¢,.

Substituting it into the first equation of (5.10) one obtains that the function &(¢, x)

has to satisfy the equation

As in the previous example, for the sake of simplicity we study only the particular

class of solutions of equation (5.11) defined by the assumption
§(t, ) = F(x).
In this case the determining equation (5.11) becomes
F" —2uF" = 0.
The general solution of the last equation depends on the value of u. If % 0, then
F(z) = Cy + Coe**. (5.12)

Hence, 7 = 2Cyue®® and h(t, ) = 4Cye***t, and a basis of generators correspond-
ing to (5.12) is

0y, €7(0, + 4tD,).

If =0, then
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and a basis of generators corresponding to (5.13) is 9, and xd, + 2t0.
Let us construct the Lie group of transformations corresponding to the

generator

e (0, + 4t0y),  (u #0).
One has to solve the Lie equations

8_H - 4M€2WH7 _r _ 62;@7

Oa

with the initial conditions for a = 0:

The solution of this Cauchy problem is
2ur\—2 1 2ux
H =t(1 —2uae™*)™= ¢:$—2—1n(1—2uae“).
I

Then n? = H; = (1 — 2ae?**)~2. The transformations of the independent variable

t and the dependent variable x are
t=H =t(1 - 2uae**)"? (5.14)

1
T=p=1x— o In(1 — 2uae*). (5.15)

Let us show that the Lie group of transformations (5.14) and (5.15) trans-
forms a solution of equation (5.9) into a solution of the same equation. Assume
that X(¢) is a solution of equation (5.9). The Brownian motion B(t) is trans-

formed according to the formula
a(t)

B(t) :/ (1 — 2uae* XN "1dB(s), t>0, (5.16)
0

where

B(t) = /t(l — 2uae* XN 2ds,  a(t) = injg{s :B(s) >t}, t>0.
0 52
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Applying It6’s formula to the function ¢(t, z,a) = z — ﬁ In(1 — 2uae®), one has

t
o(t, X(t,w),a) = ¢(t, X(0,w),a) + / (1 — 2uae XN =24s
) 0 (5.17)
+/ (1 — 2uae® XN 1B (s).
0

By virtue of (4.9),

da _ o 2uX(s)\2
09 = (1 - 2pact ¥,

Changing the variable of the integral s = a(5) in the Riemann integral in (5.17),

it becomes
t B(t)
/ (1 — 2pae® X ~2ds = / pda(s).
0 0

Because of the transformation of the Brownian motion (5.16) and the change of

Brownian motion in the It6 integral (4.7), the It6 integral in (5.17) becomes

t B
/0 (1 = 202X\ "10B(s) = /0 dB(a(5)).

Because X (B(t),w) = o(t, X (t,w),a) and X (0,w) = ¢(0, X(0,w),a), one has

B(t) B(t)
X(B(t),w) :X(O,w)—f-/o ,uds—f—/o dB(s).

This confirms that the Lie group of transformations (5.14) and (5.15) transforms

any solution of equation (5.9) into a solution of the same equation.



Chapter VI

Applications to Systems of Ito Equations

In this chapter, we will discuss applications of group analysis for construct-
ing determining equations for admitted Lie groups of transformations for some

systems of stochastic differential equations.

6.1 One-dimensional Brownian motion

Let us consider the system of Ito equations

t t

Xz(t7w) :Xz(O,W)—F/ fi(SJX(S7w>)dS+/ gi(S,X(S,W))dB(S), (Z: ].,...,TZ)
0 0

(6.1)

where the drift rate f and the volatility g are given adapted stochastic processes

and B is Brownian motion.

Definition. A Lie group of transformations (4.1) is called admitted by the
stochastic differential equation (6.1), if for any solution X (¢,w) of (6.1) the func-

tions &(¢,z) and 7(t, z) satisfy the system of determining equations

Ein(t, X(t,w)) + f3&i;(t, X(t,w)) + %gjgkfi,jkz(t, X(t,w))
—2fi7t(t,X(t,w))/o 7(s, X (s,w))ds — f; ;& (t, X (t,w)) — 2f;7(t, X(t,w)) =0,
036451, X (1:0)) = 2030(8. X (1.) | +(5. X (s,0))ds

_giT(t, X(t, W)) — gmﬁj (t, X(t, w)) =0

(1=1,..,n).
(6.2)
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The determining equations for the admitted Lie group of transformations
were constructed under the assumption that the Lie group of transformations (4.1)
transforms any solution of equation (6.1) into a solution of the same equation.

In the following, we present examples of systems of two equations involving
a single Brownian motion. For convenience of notation, we will use the symbols

X and Y instead of X; and X5.

6.1.1 Narrow-sense Linear System

Let p, v and o be constants, and ¢ # 0. Consider the system of

equations discussed in Gard (1988),

dX(t) = Y (t)dt,
(6.3)
dY (t) = [—v2X(t) — pY (t)]|dt + odB(t).
The system of equations (6.3) is called the narrow-sense linear system. For equa-
tions (6.3) the functions corresponding equations (6.2) are f1 =y, fo = —v2z—puy,

g1 = 0 and go = 0. The system of determining equations for system of equations

(6.3) becomes

fl,t + ygl,x - (VQ:U + ,Uy)fLy + %0251,yy - 23/7_ - 52 = 07
o + Yoo — (V2 + p1y) 6y + %szz,yy + 2% + py)T + 26 + pé =0, (6.4)
514} = 0, gg,y — T = 0

From the last equations of (6.4), one finds

T=E8y &= §i(t, ).

Substituting these into the remaining equations of (6.4), one obtains that the

functions &; and & have to satisfy the system of equations

S0 F Y&z — 2y&ay —§2 =0,

§o0 T Yo + (’/25E + py)ay + %0252,1/74 + 126 + pée = 0.

(6.5)
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Differentiating the first of equation in (6.5) with respect to y, one gets
§10 — 2082,y — 3E2y = 0. (6.6)
Differentiating equation (6.6) with respect to y again, one finds
2982 yyy + 52,4y = 0,

thus

1
52 = Hl(ta LE’) + EHQ(t7'x> + yH3<t,l')
Substituting this & into the second equation of (6.5), one obtains

3 1 1
§02y_gH2 — §y_%l/2xH2 + y_%(§/,LH2 + Hoy) + y%Hg,;E

+y(Hss + Hya + 20Hs) + y° Ha o + Hyp + v Hy + 126 + pHy = 0.

Splitting the last equation with respect to y, one has

Hy=0, Hs;,=0, H;+va*Hs+v*¢ +pH, =0, (6.7)
so that Hy = f(t). Substituting & into equation (6.6), one finds

§10 = 3f(1),
then & = f(t)x + ¢g(t). Substituting it into the first equation of (6.5), one obtains
H =3zf +¢.
Substituting this H; into the third equation of (6.7), one finds
wBf" + VA f +3uf) +vatf 4+ g" + pg + g = 0.

Splitting the last equation with respect to x, one has

f@) =0, ¢"+pug +v’g=0,
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and hence

g = Cre™ + Che™,
where v = —1(pu + V2 —4v?) and y, = —2(p— V112 — 4v2). Thus
1 =g=C01 " + e, & =g = Crye™ + Cyype, (6.8)
Hence 7 = 0, and h = 0. Thus, a basis of generator corresponding to (6.8) is
e"to, + 71671t8y, o, + 72672t6y.

The Lie group of transformations corresponding to the first admitted gen-
erator is

=x+ac™, y=y+aye, t=t (6.9)

I

Applying Ito’s formula to the functions ¢; = z + ae”? and oy = y + ay1"?, one

has
X(t) +aem = X(0) + a+ /Ot(Y(s) + ae™?)ds,
Y () +aent =Y (0) +a+ /Ot (— (X (s) + ae™*) — u(Y(s) + ae™*))ds
+ /O t odB(s).
Since X(f,w) = X(t,w) = oi(t, X(t,w),a) = X(t,w) + aen® and V(Fw) =

Y (t,w) = po(t, X (t,w),a) = Y (t,w) + ay1e”?, one has

X(0,w) + /tff(s,w)ds,

X(t,w)

Y(t,w) =Y (0,w) +/0 (— X (s,w) — pY (s,w))ds +/O ogdB(s).

This confirms that this Lie group transforms a solution of (6.3) into a solution of
the same system.

The Lie group of transformations corresponding to the second admitted
generator is

=x4ae?, J=y+aype?, t=t. (6.10)

&I



40

We can show similarly as above that this Lie group transforms a solution of (6.3)

into a solution of the same system.

6.1.2 Graph of Brownian Motion

Consider the system of equations discussed in Oksendal (1998),

dX(t) = dt,
(6.11)
dY (t) = dB(t).
The solution of equations (6.11) with the initial condition (X (0), Y (0)) = (to, %o)
may be regarded as the graph of Brownian motion. For equations (6.11) the

corresponding functions of equations (6.2) are f1 =1, fo =0, g1 = 0 and g = 1.

The system of determining equations for equations (6.11) becomes

fl,t + gl,z + %gl,yy — 27 = 07
Sot + &2 + %52,;;;/ =0, (6.12)

Sl,y = Oa 52,y —7=0.

From the last two equations of (6.12) one finds

T = EQ,y’ & = §l(t,$).

Substituting these values into the remaining equations of (6.12), one obtains that

the functions &; and & have to satisfy the system of equations

fl,t + 51,:): - 252,3/ = 07

62,1& + gQ,m + %f&yy = 0.

(6.13)

Differentiating the first equation of (6.13) with respect to y, one gets

52,yy = 07

thus

& = F(t,x)y+ G(t,x).
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Substituting it into the remaining equation of (6.13), one obtains
y(F+ Fy) + G+ G, =0. (6.14)
Splitting the last equation with respect to y, one has
FE+F,=0, Gi+G,=0.
The general solution of these equations is
F=F, G=F.

where Fy = Fi(t — z) and Fy, = Fy(t — x). Substituting &, into the first equation
of (6.13), one obtains

S0+ & . —2F =0.

Hence

§1 ZQIF1+F3, §2:yF1+F2, T:Fl, (615)

where F3 = F3(t — x). A basis of generators corresponding to (6.15) is
Fy0,, F30,, Fi(220,+ y0,) + ho,.

where h = Q/t Fi(s —x)ds.

Notice Othat if the first equation of (6.11) is considered as an ordinary dif-
ferential equation (i.e., the function X(¢,w) does not depend on w), then the
functions F}, F5 and F3 are constant.

The Lie group of transformations corresponding to the first admitted gen-

erator is

T=x, Y=y+Fha, t=t. (6.16)

It is not difficult to show that this Lie group transforms a solution of (6.11) into

a solution of the same system.
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Let us construct the Lie group of transformations corresponding to the
third generator for the particular case defined by the assumption that F| = k,

where k is constant. In this case the generator becomes
200, + Y0, + 2t0;.

For finding the Lie group of transformations corresponding to this generator, one

has to solve the Lie equations

oH _
da

2 1 Oy
2 —_— = 2 —_—
" Oa o1 Oa Y2

with the initial conditions for a = 0:
H=t  oi1=zv2=y.

The solution of this Cauchy problem gives the transformations of the independent

variable t and the dependent variables x and y,
t=H=te, 7= =z §=py=ye" (6.17)

Hence n? = H, = e*.

Let us show that the Lie group of transformation (6.17) transforms a so-
lution of equations (6.11) into a solution of the same equations. Assume that
(X(t),Y(¢)) is a solution of equations (6.11). According to theorem 3.1, the

Brownian motion B(t) is transformed to the Brownian motion

B(t) = /0 " dB(s). (6.18)

where
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2a

Applying It6’s formula to the functions ¢4(¢,z,y,a) = xze** and @o(t, z,y,a) =

ye®, one has

t

o1(t, X (t,w), Y (t,w),a) = ¢1(0, X(0,w),Y(0,w),a) + [ e*ds,

(6.19)

t

oa(t, X (t,w), Y (t,w),a) = ¢2(0, X (0,w),Y(0,w),a) + [ e*dB(s).

S— S—

By virtue of (4.9),

Oa 9
e~ t =e a.
St =e

Changing the variable of the integral s = «(s) in the Riemann integral in (6.19),

t B(t)
/ e2ds = / ds.
0 0

Because of the transformation of the Brownian motion (6.18), the Ito integral in

/0 t e*dB(s) = /0 . dB(3).

Since ¢1(t, X(t,w),Y (t,w),a) = X(B(t),w), and @o(t, X(t,w),Y (t,w),a) =

it becomes

(6.19) becomes

Y (B(t),w), one has

B()
X(B(t),w) = X(0,w) +/0 ds,

_ B(t)
Y(6(t),w) =Y (0,w) —l—/o dB(s).

This confirms that the Lie group of transformations (6.17) transforms any solution

of system (6.11) into a solution of the same system.
6.1.3 Black and Scholes Market

Consider the system of equations discussed in Oksendal (1998),

dX (t) = pX(t)dt, (6.20)

dY (t) = pY (t)dt + oY ()dB(1),
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where p, 1 and o are nonzero constants. The system of equations (6.20) with the
initial condition X (0) =1, Y(0) = y > 0 is called the Black and Scholes market.
For equations (6.20) the corresponding functions of equations (6.2) are f; = pz,
fo=py, g1 = 0 and go = oy. The system of determining equations for equations

(6.20) becomes

Gt + paip + py&ay + 20728,y — 2p2T — p&1 =0,
Eo,0 + pr&o + Yoy + 507y yy — 2uyT — i€ = 0, (6.21)
Y&, =0, y&,—yr—& =0.

From the last pair of equations of (6.21), one finds

SL=64(tz), T= §oy — fy_z

Substituting these into the remaining equations of (6.21), one obtains that the

functions &; and & have to satisfy the system of equations

E1o+ prér, — 2p0(Eay — 2) — p&y =0,

ot + pa&o — pyboy + 30226y + uéo = 0.

(6.22)

Differentiating the first equation of (6.22) with respect to y, one gets

1 1
g?,yy - gfzy + EﬁZ - O,

thus

§=yF(t,z) +ylnyG(t, x).

Substituting this & into the second equation of (6.22), one obtains
L,
y(Fe + prFy — (0= 50°)G) +ylny(Ge + paGy) = 0.

Splitting the last equation with respect to y, one has

1
G+ pxG, =0, F,+pxF, — (n— 502>G = 0.
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Thus
G=F,, F=vyhzaF+F
where F} = Fi(t — lnTx), Fy = Fy(t — me) and v = %(u — 307). Substituting &

into the first equation of (6.22), one obtains
St + pré&1e — p&1 — 2prky = 0.
Hence,
& =2xlnaF +aF;, &= (yhy+yylna)F +yFy, 7=F], (6.23)
where F3 = F3(t — IHT””) A basis of generators corresponding to (6.23) is

yI[50,, «F30,, Fi(2zxlnzd,+ (ylny+yylnz)o,) + hok,

Inz

t
where h = 2/ Fi(s — —)ds.
0 p
The Lie group of transformations corresponding to the first admitted gen-
erator is

z=uz, y=uyexp(Fua), t=t. (6.24)

It is not difficult to show that this Lie group transforms a solution of (6.20) into
a solution of the same system.

Let us construct the Lie group of transformations corresponding to the
third generator for the particular case determined by the assumption F} = k,

where k is constant. In this case the generator becomes
2¢Inz0, + (yIny + vy Inx)o, + 2t0,.

For finding the Lie group of transformations corresponding to this generator, one

has to solve the Lie equations

o _
da

0 0
2H, 4 201 In ¢y, 2 w2 In g + 2 In ¢y,
Oa Oa
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with the initial conditions for a = 0:
H=t oi=zv2=y.

The solution of this Cauchy problem gives the transformations of the independent

variable t and the dependent variables x and v,

t=H=te" T=y¢ =exp(e®lnz), §=¢=exp(ve*nz+(ny—yz)e®).
(6.25)

Hence n? = H, = e%.
Let us show that the Lie group of transformation (6.25) transforms a so-
lution of equations (6.20) into a solution of the same equations. Assume that
(X(¢),Y(t)) is a solution of equations (6.20). The Brownian motion B(t) is trans-

formed according to the formula

Blt) = /0 " aan(s) (6.26)

where

t
B(t) :/ e*ds = te*,  a(t) = inf{s: (s) > t} = te™®, t>0.
0 8=

Applying Itd’s formula to the functions ¢i(t,z,y,a) = exp (eQa In m) and
wo(t, z,y,a) = exp (762“ Inz+ (lny — fyx)ea), one has
Y1 (t’ X(tv w)v Y(ta W)? CL) = 301(07 X(O’ w)’ Y(O> W)? a)
t
+/ pexp (lnX(s,w)62“>62“ds,
0
oa(t, X (t,w), Y (t,w),a) = v2(0, X (0,w), Y (0,w), a) (6.27)
t
—I—/ L exp <762“ In X(s,w) + (InY(s,w) — 7X(s,w))e“> e*d(s)
0
t
—i—/ 0 exp (762“ InX(s,w)+ (InY(s,w) — ”yX(S,uJ))@“) edB(s).
0
By virtue of (4.9),
Oa
- t — 720,.
A
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Changing the variable of the integral s = «(5) in the Riemann integrals in (6.27),

they become

/Otpexp (€2a In X(s)>e2“d8 = /Oﬁ(t) p exp <e2“ In X(a(s))>d§,
/Ot,uexp (762“ In X (s) + (InY(s) — 7X(s))e“> e?*d(s)

= /Ot#eXp (’}/62‘1 In X (a(s)) + (InY(a(s)) — ’yX(a(s)))e“) ds.

Because of the transformation of the Brownian motion (6.26) and the change of

Brownian motion in the It6 integral (4.7), the It6 integral in (6.27) becomes

[ res (Veza In X (s) + (InY(s) - ’yX(s))ea)e“dB(s)

B() _
= /0 o exp (762“ In X (a(s))e* + (InY (a(s)) — 7X(oz(s)))e“> dB(3).

Because exp (’}/62(1 In X (o(s,w))+ (In Y(oz(s,w))—wX(oz(s,w)))eﬁ =Y (s,w) and

exp (e*In X (a(s),w)) = X(s,w), one gets

B
o1(t, X (t,w), Y (t,w),a) = ¢1(0, X(0,w), Y (0,w),a) +/0 pX (s,w)ds,
wo(t, X(t,w),Y(t,w),a) = p2(0, X (0,w), Y (0,w),a)

Bty B
. /0 WY (5, w)d(s) + /0 oY (3,0)dB(s).

Since ¢ (t, X(t,w),Y (t,w),a) = X(B(t),w), and @o(t, X(t,w),Y (t,w),a) =

Y (B(t),w), one has

X(6(t),w)

_ B _
X(0,w) +/ pX(s,w)ds,
0

Y (B(t),w)

B B _ B _
Y(O,w)—i—/o ,uY(s,w)d(s)—l—/O oY (s,w)dB(s).

This confirms that the Lie group of transformations (6.25) transforms any solution

of system (6.20) into a solution of the same system.
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6.1.4 Mean-reverting Ornstein-Uhlenbeck Process

Consider the system of equations discussed in Oksendal (1998),

dX(t) = pX(t)dt,

(t) = pX(t) 629
dY (t) = (m =Y (t))dt + odB(t),

where p > 0, m > 0 and o # 0 are constants. For equations (6.28) the functions

corresponding equations of (6.2) are fi; = px, fo =m—y, g1 = 0 and g = 0. The

system of determining equations for system of equations (6.28) becomes

St + pa&ie + (m—y)&y + 30281, — 2p2T — p& =0,
ot + préog + (m— Yoy + 3070y, — 2(m — y)7 + & =0, (6.29)

517y = 0, 527y — T = O

From the last pair of equations of (6.31), one finds

51 = fl(tv m)7 T = gZ,y'

Substituting them into the remaining equations of (6.21), one obtains that the

function &; and & have to satisfy the system of equations

§10 + px&1e — 2p28,y — p§1 =0,
(6.30)

a4 + préae — (M —y)Eay + %029262,1/3/ + & =0.

Differentiating the first equation of (6.31) with respect to y, one gets

62,yy = 07

thus

& =yF(t,z)+ G(t,x).

Substituting it into the second equation of (6.31), one obtains

y(Fy + pxF, + 2F) + Gy + pxG, + G — mF = 0.
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Splitting this equation with respect to y, one has
F,+pxF, +2F =0, G;+ pxG,+G—mF =0,

thus

F=2F, G=-ma"F + 22 F,

where F} = Fi(t — 1“7‘”), Fy, = Fy(t — lr‘TI) and v = —%. Substituting &, into the

first equation of (6.31), one obtains
S+ pr&ie — p& — 2pxFy = 0.
Hence,
S = %ﬂfwlFl +aF3, &= (2"y—ma")F + x%Fg, T =2x"F}, (6.31)
where F3 = F3(t — th‘L’) A basis of generators corresponding to (6.31) is

2
x%’ngay, 2 F30,, F (—ﬂ“@x + (27y — mx”)ay) + ho,
v

Inz

t
where h = 2/ 2V Fi(s — —)ds.
0 P
The Lie group of transformations corresponding to the first admitted gen-
erator is

X
2

T=x, yY=y+arzhky, t=t. (6.32)

It is not difficult to show that this Lie group transforms a solution of (6.28) into
a solution of the same system.

Let us construct the Lie group of transformations corresponding to the
third generator for the particular case determined by the assumption F; = k,
where k is constant. In this case the generator becomes

2
Z2, 4+ (27y — ma™)0, + 217t0,.
Y
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For finding the Lie group of transformations corresponding to this generator, one

has to solve the Lie equations

0H Oy 2 Op
. 2()0’ZYH> = = _()0’1y+17 2 ’1Y§02 - mSD’lya

da da v oa

with the initial conditions a = 0:
H=t ¢p1=z, ¢pp2=y.

The solution of this Cauchy problem gives the transformations of the independent

variable ¢t and the dependent variables x and y,

Hence n* = Hy = 277 (277 — 2a) ™.

Let us show that the Lie group of transformation (6.33) transforms a so-
lution of equations (6.28) into a solution of the same equations. Assume that
(X (t),Y(t)) is a solution of equations (6.28). The Brownian motion B(t) is trans-

formed according to the formula

B(t) = " X"3(s)(X(s) — 2a)"2dB(s), t >0, (6.34)

where
t
B(t) = / X7(s)(X7(s) —2a) " ds, aft) = igg{s :B(s) >t}, t>0.
0 52
Applying It6’s formula to the functions ¢q(t,z,y,a) = (77 — 2(1)_% and
©ot,z,y,a) = (y —m)z~2 (™7 — 2a)"2 + m, one has
o1(t, X (t,w),Y(t,w),a) = ¢1(0, X (0,w), Y (0,w), a)
t
+/ pX () (X TV(s) — 2a) "7 Nds,
0
902(25? X(t’ w)’ Y(t7 w)? (l) = 902(07 X(O) w)) Y(Oa W), (l) (635>
t
+ / (m—Y(s) X 3(s)X 7(s)(X(s)7 — 2a) 2ds
0

+/0 o X3 (s)(X () — 2a)"2dB(s).
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By virtue of (4.9),
O

57 () = X(s)(X77(s) — 20).

Changing the variable of the integral s = a(S) in the Riemann integrals in (6.35),

they become

/Ot“” — Y (8))X 3 ()X 7(s)(X (5) 7 —2a)2ds
B / (m =Y (a(s))) X3 (a(s)) (X (a(s) 7 ~ 20) "*ds
- / (m = (¥ (als) = m) X3 (a(s)) (X (a(s)) " - 20)

Because of the transformation of the Brownian motion (6.34), the It integral in

(6.35) becomes

2|~

(X ((f),w) — 2a) " = X(f,w), one gets

Bt
o1, X(t,w),Y(t,w),a) = p1(0, X (0,w), Y (0,w),a) +/0 pX (s,w)ds,
oa(t, X (t,w),Y(t,w),a) = p2(0, X (0,w), Y (0,w), a)
B(t) ~ B(t) _
+/0 (m =Y (s,w))ds + /0 odB(s).
Because ¢1(t, X (t,w),Y (t,w),a) = X(B(t),w), and @(t, X (t,w),Y (t,w),a) =

Y (B(t),w), one has

X(B(t),w)

) B
X(0,w) +/ pX(s,w)ds,
0

_ _ B(t) B B(t)
Y(B(t),w) =Y (0,w) + /0 (m—Y(s,w))ds + /0 odB(s).

This confirms that the Lie group of transformations (6.33) transforms any solution

of system (6.60) into a solution of the same system.
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6.1.5 Nonlinear It6 System

Consider the system of equations discussed in Oksendal (1998),

dX (1) = dt,
(6.36)
dY (t) = Y (t)dt + eXDdB(t).
For equations (6.36), the corresponding functions of equations (6.2) are f; = 1,

fo =19, g1 = 0 and gy = €®. The system of determining equations for equations

(6.36) becomes

Ei+ 1w+ Y€y + 3661,y — 27 =0,
ou + Eop + Yloy + 56760y — 29T — & =0, (6.37)

gl,y - 07 52,y - T = 51 = 0.
From the last pair of equations of (6.37) one finds

Si=6(tz), T=E8, &

Substituting them into the remaining equations of (6.37), one obtains that the

function & and & have to satisfy the system of equations

fl,t + 61,1: - 2(62,34 - 51) = 07

(6.38)
o + Eop — Yloy + 3€"Eayy + 2y& — & = 0.
Differentiating the first equation of (6.38) with respect to y, one obtains
§a,y = 0,
thus
Substituting it into equations (6.38), one finds
S+ & —2(F = &) =0,
t (6.39)

y(F+ F, —2F +26)+ G+ G, —G=0.
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Splitting the last equation of (6.39) with respect to y, one has
F+F,—2F+25=0, G +G,—G=0. (6.40)
From the second of (6.40) one finds
G = eI,
where F; = Fi(t — x). From the first equation of (6.39) one gets

F = 506+ 6+ 60)

Substituting it into the first equation of (6.40), one obtains

fl,tt + 251,153: + fl,a:ac = 07

then

& =aFy + Fy,

where Fy = Fy(t—x), and F3 = F3(t —x). Substituting it into the first of equation
of (6.39), one gets

1

Hence,

1 1
S=Fa+F;, &= Fe' + F2(§ + w)y + Fyy, 1= §F2- (6-41)

A basis of generators corresponding (6.42) is

1
Fle””@y, Fg(@x + yay), Fg(l'ax + (5 + x)yﬁy) + h@t,

¢
where h = 2/ Fy(s — x)ds.
0
Notice that if the first equation of (6.36) is considered as an ordinary dif-
ferential equation (i.e., the function X(¢,w) does not depend on w), then the

functions Fi, F, and F3 are constant.
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The Lie group of transformations corresponding to the first admitted gen-
erator is

T=xz, Y=y+eFua, t=1. (6.42)

It is not difficult to show that this Lie group transforms a solution of (6.36) into
a solution of the same system.

Let us construct the Lie group of transformations corresponding to the
third generator for the particular case determined by the assumption Fy, = k,

where k is constant. In this case the generator becomes
220, + (1 + 2x)y0, + 2t0.

For finding the Lie group of transformations corresponding to this generator, one

has to solve the Lie equations

o _
da

o1 Ops
H, 9 ST (14 2¢1) 2,

with the initial conditions for a = 0:
H=t ¢1=z, @=y.
The solution of this Cauchy problem gives the transformations of the independent

variable ¢ and the dependent variables x and y,

t=H=te®, == =z §=py=yexp(a+ze® —1). (6.43)

Hence n? = H, = e%.

Let us show that the Lie group of transformation (6.43) transforms a so-
lution of equations (6.36) into a solution of the same equations. Assume that
(X (), Y (t)) is a solution of equations (6.36). The Brownian motion B(t) is trans-

formed according to the formula

Blt) = /0 " aan(s) (6.44)
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where

¢
B(t) = / e*ds = te*,  a(t) = igg{s 1 B(s) >t} =te ™, t>0.
0 5=

2a

Applying I1td’s formula to the functions ¢;(t,x,y,a) = ze** and ¢o(t, z,y,a) =

yexp(a + ze** — x), one has

o1(t, X (t,w),Y(t,w),a) = ¢1(0, X (0,w), Y (0,w), a) +/0 e**ds,
oo(t, X (t,w),Y(t,w),a) = p2(0, X (0,w), Y (0,w), a)

+/0t Y (s)exp (a + X (s,w)e* — X(s,w))e%ds + /Ot exp(a + X (s,w)e**)dB(s).
(6.45)

By virtue of (4.9),
Oa
) =e 2
S =e
Changing the variable of the integral s = «(5) in the Riemann integrals in (6.45),

they become
/0 s /0 s
/0 'Y(s) exp (a+ X (s)e> - X(s)) ¢ s

/ Y (a(s)) exp (a -+ X (a(9)* — X(a(s)) )ds.

Because of the transformation of the Brownian motion (6.44) and the change of

Brownian motion in the It6 integral (4.7), the It6 integral in (6.45) becomes
¢ 8(t) )
/ exp(a + X (s)e**)dB(s) = / exp(X (a(3))e**)dB(5).
0 0

Since Y(a(f),w)exp(a + X(a(f),w)e* — X(a(f),w)) = Y(f,w) and

X(a(f),w)e?® = X (f,w), one gets
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Because ¢,(t, X (t,w), Y (t,w),a) = X(B(t),w), and ¢(t, X (t,w),Y (t,w),a) =
Y (B(t),w), one has

B(t)

X(B(t),w) = X(0,w) + i ds,

_ B) _ B(t) 2
(Blt)) = V0.0)+ [ Viswiis+ [ oap(s)

=

This confirms that the Lie group of transformations (6.43) transforms any solution

of system (6.36) into a solution of the same system.

6.2 Two-dimensional Brownian motion

6.2.1 System of Location and Motion

Let u, o1 and oy be nonzero constants. Consider the system of

equations discussed in Steele (2001),

dX(t) = Y(t)dt + o1d By (¢), 6.0

dY () = —pY (t)dt + o2dBs(t).
For equations (6.46) the corresponding functions of equations (4.22) are f; = v,

fo=—my, g11 = 01, g1o = 0, go1 = 0 and gos = 9. The system of determining

equations for equations (6.46) becomes

E1 + Y&re — My€ry + 30180100 + 30581y — 2yT — & = 0,
o+ Ybow — 1YSay + 5076000 + 50580,y + 20yT + 1z = 0, (6.47)

gl,x - T = 07 52,@/ - T = Oa fl,y = 07 g?,x = 0.

From the last equations of (6.47) one finds

&L=6(tr), L=4(ty), 7= §2,y-
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Substituting them into the remaining equations of (6.47), one obtains that the

functions &; and & have to satisfy the system of equations
gl,t + ygl,a} + %U%gl,ms - 2y€2,y - §2 = Oa
o + 1oy + 50580,y + &2 =0, (6.48)
51,35 - 52,3; =0.
Differentiating the third equation of (6.48) with respect to z and y, respectively,

one obtains
§100 =0, &o4y =0,
thus
G =)z +h(l), & =hs(t)y+ ha(D).

Substituting them into other equations of (6.48), one obtains

h,l +hl2 —y(hl +3h3) — h4 = 0,

(6.49)
Splitting equations (6.49) with respect to y, one has
h1—|—3h3:0, h3=O,
thus
hy =0, hy=0.
Substituting them into (6.49), one obtains
Wy —hy =0, R+ phy=0, (6.50)

so that

hy = Cue ™.

Substituting it into the first equation of (6.50), one obtains

hly + Cipe ™ = 0.
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Then

h/2 = —C’le_“t + 02,

thus

51 = —C’le_“t -+ OQ, 52 = C’l,ue_“t. (651)

Hence 7 = 0, and h = 0. Thus, a basis of generators corresponding to (6.51) is
e "0, — pdy), O

The Lie group of transformations corresponding to the first admitted gen-
erator is

T=x4ae ™, y=y—ape ™, t=t. (6.52)

Applying Ito’s formula to the functions ¢; = x + ae ™ and ¢y = y — ape ™", one
has
X(t) +ae ™ =X(0)+a+ fJ(Y(s) — ape ")ds + /t o1dBy(s),
0
Y(t) — aue " =Y (0) — /tu(Y(s) —ape ")ds + /t o2dBs(s).
0 0
Since X(t,w) + ae ™™ = X(t,w) = X(f,w) and Y(t,w) — ape™ = Y(t,w) =

Y (t,w), one has

X(t,w) = X(0,w) + /t}_/(s,w)ds + /t o1dBy(s),

Y(t,w) = Y(O,w)—/o u}_/(s,w)ds+/0 T2dBs($).

This confirms that this Lie group transforms a solution of (6.46) into a solution
of the same system.

The Lie group of transformations corresponding to the second admitted
generator is

T=x+a, Y=y, t=t. (6.53)

We can show similarly as above that this Lie group transforms a solution of (6.46)

into a solution of the same system.
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6.2.2 Vibrating String Model

Let i and o be nonzero constants. Consider the system of equations

discussed in Oksendal (1998),

dX(t) =Y (t)dt + pdBy(t),
(t) = Y(1) 1(t) (6.54)
dY (t) = =X (t)dt + odBs(t).
The system of equations (6.54) is a model for a vibrating string subject to a
stochastic force. For equations (6.54), the corresponding functions of equations

(4.22) are f1 =y, fo=—x, g11 = i, g12 = 0, g21 = 0 and goo = 0. The system of

determining equations for equations (6.54) becomes

Sip+YSie — 261y + %M2§1,m~ + %szl,yy — 2y — & =0,
ot + Y&ow — oy + $p2C000 + 2070 yy + 22T + & =0, (6.55)

5171 — T = O, 52& — T = O, Ugl,y = O, §2,m = 0

From the last equations of (6.55) one finds

51 = £1<t,l’), ’52 = 62(t7 y)? T = 52711'

Substituting them into the remaining equations of (6.55), one obtains that the

function & and & have to satisfy the system of equations

Eit + Y& + 31280 00 — 2y&oy — &2 =0,
bop + xboy + 50260, + & =0, (6.56)
§10 — &2y = 0.
Differentiating the third equation of (6.56) with respect to z and y, respectively,

one obtains
51,:1::1: = Oa 52,yy = 07
thus

§1=hi(t)x + ha(t), & = hs(t)y + ha(t).
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Substituting them into other equations of (6.56), one obtains

hll +h’2+y(h1 +3h3) — h4 = O,

(6.57)
Splitting equations (6.57) with respect to y and z, respectively, one has
hi+3hs =0, hy+hs=0.
thus
hl == O, hg - O
Substituting them into equations (6.57), one obtains
Wy —hy=0, K, +hs=0. (6.58)
Differentiating the second equation of (6.58), one obtains
hly + hl, =0,
Substituting hy = —hj into the first equation of (6.58), one gets
hz + h4 — 0,
thus
hy = Cycost — Cysint, hy = —hl, = Cysint + Cycost.
Hence,
& = Cisint + Cycost, & = C)cost — Cysint. (6.59)

Then 7 = 0 and h = 0. Thus, a basis of generators corresponding to (6.59) is
sintd, + costd,, costd, — sintd,.

The Lie group of transformations corresponding to the first admitted gen-
erator is

T=x+asint, y=y+acost, t=t.
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Applying [t0’s formula to the functions ¢, = z 4+ asint and s = y + acost, one

has
t t
X(t)+asint—X(O)+a+/ (Y(s )+acoss)ds+/ pdBi(s),
0
¢
Y(t)+acost=Y (X + asins) ds+/ odBs(s).
0 0
Since X (t,w) + asint = X(t,w) = X(f,w) and Y(t,w) + acost = Y(t,w) =

Y (f,w), one has

T(w) = X(0,0) + /tY(s w)ds+/tudBl()

Y(t,w) =Y (0,w) X (s w)ds/tang( ).

This confirms that this Lie group transforms a solution of (6.54) into a solution
of the same system.

The Lie group of transformations corresponding to the second admitted
generator is

=x+acost, y=y—asint, t=t.

8

We can show similarly as above that this Lie group transforms a solution of (6.54)

into a solution of the same system.

6.2.3 Ornstein-Uhlenbeck Process

Consider the system of equation discussed in Gaeta and Quintero,

(1999),
dX (1) = —X(t)dt, 660,
dY (t) = —Y (t)dt + dBy(t) + dBa(t).

This system represents an Ornstein-Uhlenbeck process and its corresponding

Fokker-Planck equation is

1
Uy + 5%3’ — TUy — Yuy — 2u = 0.
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For equations (6.60), the corresponding functions of equations (4.22) are f; = —x,
fo=—=y,911 =0, g12 =0, gog = 1 and goo = 1. The system of determining

equations for equations (6.60) becomes

S0 — 2812 — Y1y + &1y + 227 +§ =0,
£Q,t - fo,x - ng,y + 527yy + 2y7_ + 52 - 0’ (661)

§17y = O, §Q’y —7=0.
From the last two equations of (6.61) one finds

51 = gl(tv m)7 T = 52,;;-

Substituting them into the remaining equations of (6.61), one obtains that the

function & and & have to satisfy the system of equations

S0 — 281z + 208, + & =0,
(6.62)

§ot — oz + Y oy + Eo gy + & = 0.

Differentiating the first equation of (6.62) with respect to y, one gets

527yy =0,

thus

& = F(t,x)y + G(t, x).

Substituting it into the second equation of (6.62), one obtains
y(Fy +2F —xF,) + Gy — 2G, + G = 0.
Splitting the last equation with respect to y, one has
F,+2F —2F, =0, Gi—2G,+G=0

thus

F=2F, G=akF,,
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where F} = Fy(ze') and Fy = Fy(ze'). Substituting & into the first equation of
(6.62), one obtains

E1p— 28, +20°F + & = 0.

Hence,

& =a3F +aF;, & =R +aF, 1=2F, (6.63)

where F3 = F3(ze'). A basis of generators corresponding to (6.63) is
xFy0,, xF30,, Fia?(z0, + y0oy,) + 22ho,,

t
where h = 2/ F(ze®)ds.
0
The Lie group of transformations corresponding to the first admitted gen-
erator is

T=x, yY=y+ak, =t (6.64)

It is not difficult to show that this Lie group transforms a solution of (6.60) into
a solution of the same equation.

Let us construct the Lie group of transformations corresponding to the
third generator for the particular case determined by the assumption F; = k,

where k is constant. In this case the generator becomes
220, + yx?0, + 22*t0;.

For finding the Lie group of transformations corresponding to this generator, one

has to solve the Lie equations

OH 8@1 8@2
da P11, 94 ¥1, P2¥1;

with the initial conditions for a = 0;



64

The solution of this Cauchy problem gives the transformations of the independent

variable t and the dependent variables x and y,

t=H = t(l — 2ax2)_17 T=¢ = I(l — 2(1,1‘2)_%’ Y=y = y(l — 2(126‘2)_%.

Hence n? = (1 — 2az?)~!

Let us show that the Lie group of transformations (6.65) transforms a
solution of equations (6.60) into a solution of the same equations. Assume that
(X(t),Y(t)) is a solution of equations (6.60). The Brownian motions B (¢) and
Bs(t) are transformed according to the formula

a(t) X
Bi(t) = / (1 —2aX?(s))"2dB(s),
0 (6.66)

a(t) L
Bg(t):/o (1 20X%(s))"3dBa(s), ¢ >0,

where

B(t) = /0 (1—2aX?(s)) s, a(t)= ;Izlg{s :B(s) >t}, t>0.

Applying Ito’s formula to the functions ¢i(f,z,y,a) = z(1 — 2az?)"2 and

©o(t, z,y,a) = y(1 — 2az%)"2, one has

o1(t, X(t,w),Y(t,w),a) = ¢1(0, X (0,w),Y /X )(1 —2aX?%(s)) "2 3ds

wa(t, X (t,w), Y (t,w),a) = p2(0, X (0,w), Y (0,w),a

3

t
—/Y( w)(1 —2aX?(s)) 2ds + 1—2aX2 )" 2dB,y(s)
0

\c\

1 —2aX?(s 2ng(s).
(6.67)

_|_

By virtue of (4.9),
da 9
ﬁ(ﬂ = (1 —2aX7(s)).

Changing the variable of the integral s = «(5) in the Riemann integrals in (6.67),



65

they become

X(s5)(1 —2aX?(s “3ds = X(a 1—2aX2( (5))) “ds,
fix [ )

t _3 B(t) _1
/ Y (s,0) (1 - 20X°()) ds = / Y (a(9)(1 - 20X(a(s))) " ds.
0 0
Because of the transformation of the Brownian motions (6.66), the It6 integrals

n (6.67) become
’ 1 o
/0 (1 —2aX?%(s)) 2dB(s) = /0 dB(3).

t ) B
/0(1—2aX2(s))2ng(s):/O 0By (5).

Since X (a(f))(1 — 2aX?((f))) * = X(f,w) and Y (a(h))(1 — 2aX>(a(1))) 2 =

[

Y (t,w), one gets

B _ _
o1(t, X (t,w),Y(t,w),a) = ¢1(0, X(0,w),Y(0,w),a) — /0 X (s,w)dB(s),

B(t) _
wa(t, X (t,w), Y (t,w),a) = p2(0, X (0,w), Y (0,w),a) — /0 Y (s,w)dB;(s)

Bty O
+/ dBl(S) + / dBQ(S)
0 0

Because ¢1(t, X(t,w),Y (t,w),a) = X(B(t),w), and @(t, X (t,w),Y (t,w),a) =

Y (B(t),w), one has

_ _ Be)
X(B(t),w) = X(0,w) —/ X (s,w)ds,

0

B B B(t) B B
Y(ﬂ(t),w):Y(O,w)—/O Y(s,w)ds—i—/o dBl(s)+/0 dBy(s).

This confirms that the Lie group of transformations (6.65) transforms any solution

of equations (6.60) into a solution of the same equations.
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6.2.4 Linear Ito Dynamical System

Consider the system of equations discussed in Unal (2003),

dX(t) = —iX(t)dt — Y (t)dB;(t),
(1) = —3X () (t)dB(t) (6.68)
dY (t) = =LY ()dt + X (t)dBs(1).
For equations (6.68) the corresponding functions of equations (4.22) are f; = —1x,

fo= =3y, 911 = =y, q12 = 0, go1 = 0 and gy» = x. The system of determining

equations for equations (6.68) becomes

fl,t - %xél,x - %yél,y + %y2€1,zz + %x2£1,yy + a7 + %61 = 0;
fQ,t - %x§2,m - %y£2,y + %y2§2,$m + %x2£2,yy +yT + %52 =0,
(6.69)
—Y&1z T YT+ & =0,
2oy — 27 =& =0, &,y=0, &.=0.

From the last three equations of (6.69) one finds

51 :fl(t,l‘), 52 :§2(t7y)7 7-_52,?!_;51'

Substituting them into the remaining equations of (6.69), one obtains that the

functions & and & have to satisfy the system of equations

§16 — %xfl,z + %31251@9: +xlay — %fl =0,
S0 = Yoy + 386y +y(&y — 360) + 35 =0, (6.70)
—y€ia + Y&y — 261) + & = 0.
Differentiating the third equation of (6.70) with respect to x, one obtains

1 1
fl,mm + _51,:1: - 251 = 07
xr x

thus

.= e+ G~

T

Substituting it into the first equation of (6.70), one gets

1
l'(F/ —F+ fzyy) + E@/QG =0.



67
Splitting this equation with respect to x and y, one has
F'—F+¢&, G=0. (6.71)
Substituting &; , into the second equation of (6.70), one gets
1 1, 1
ot — §y52,y +5 oy +Y(&oy — F) + 552 =0.
Splitting this equation with respect to x, one has
2,9y =0,
thus
& =H(t)y + K(t).
Substituting &; and & into the third equation of (6.70), one gets
2y(F—H)+ K =0.
Splitting this equation with respect to y, one has
F=H, K=0,
thus
L = F(t)y.
Substituting it into the first equation of (6.71), one gets
F' =0,
thus ' = C for some constant C', and hence

51 = C!E, 52 = C’y (672)

It follows that 7 = 0, and h = 0. Thus, a basis of generators corresponding to
(6.72) is

20, + y0,. (6.73)



68

The Lie group of transformations corresponding to the admitted generator

(6.73) is

T=uxe*, y=uye*, t=t.

Applying It6’s formula to the functions ¢; = xe®* and ¢, = ye®, one has

1

X(t)e* = X(0)e* — =
2 Jo
1

X(s)e“ds—/o Y (s)e®dB(s),

Y(t)e =Y (0)e® — 5/0 Y (s)eds —i—/o X(s)e*dBsy(s).

Since X (t,w)e? = X (t,w) = X(f,w) and Y (t,w)e® = Y (t,w) = Y (¢,w), one has
T w) = X0,0)— = [ X(s,w)ds — / ¥ (s, w)dBy (s),

0_ 0

N — o

t t
Y(t,w) =Y(0,w) — —/ Y (s,w)ds +/ X (5,w)dBy(s).
0 0
This confirms that this Lie group transforms a solution of (6.68) into a solution

of the same system.

6.2.5 Nonlinear It6 System

Let p; and ps be constants. Consider the system of equations dis-

cussed in Gaeta and Quintero (1999),

dX(t) = Xt + dB (1), (6.74)

The associated Fokker-Planck equation is

1 H1 K1
Uy = §(um + Uyy) + Tl T T Us — Haly,

which has been studied by Finkel (1999). For equations (6.74) the corresponding
functions of equations (4.22) are f1 = £, fy = g, g11 = 1, g12 = 0, go1 = 0 and
g2o = 1. The system of determining equations for equations (6.74) becomes
Eip+ 2o+ pobiy + 58100 + 3814y — 287 + 56 =0,
o + B&op + 2oy + %ngr + %52,yy — 2T = 0, (6.75)

51790 — T = 0, §27y — T = O, 5171/ = O, 5273; = 0
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From the last equations of (6.75) one can find

&1 = §1<t7 JI), §o = 52(t7y)7 T = 52,?!‘

Substituting these into the remaining equations of (6.75), one obtains that the

function & and & have to satisfy the system of equations

S+ %él,x + %&,m - 2’;—1524, + /;—551 =0,
ot — poboy + 30,y =0, (6.76)
§10 — &2y = 0.
Differentiating the third equation of (6.76) with respect to x and y, respectively,

one obtains
Sl,zz =0, flyy =0,

thus

& = M)z +hao(t), & = ha(t)y + ha(t).

Substituting them into other equations of (6.76), one obtains

hy + hiy + 28 hy — 28 hg + £5hy = 0,

(6.77)
hg + hi; - ILLth =0.
Splitting the first equation of (6.77) with respect to x, one has
hl—h;g:O, h2:0
Substituting them into (6.77), one obtains
hy =0,
(6.78)

hg‘f'hﬁl—[tghy) = 0

From the first equation of (6.78) one finds

hs = Ch.
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Substituting it into other equations of (6.77), one obtains
hly — paCy = 0,

then

h4 == ,LLQOlt + CQ.

Hence

§G=Cix, &=Ci(y+pt)+C, 7=0C4, (6.79)

and h = 2Ct. Thus, a basis of generators corresponding to (6.79) is
Oy 20y + (y + pot)0, + 2t0;.

The Lie group of transformations corresponding to the first admitted gen-
erator is

I=xz, Y=y+a, t=t. (6.80)

It is not difficult to show that this Lie group transforms a solution of (6.74) into
a solution of the same system.
For finding the Lie group of transformations corresponding to the second

admitted generator, one has to solve the Lie equations

on _
da

0 0
2H, A = Y1, 7oz = @y + o H,
da da

with the initial conditions for a = 0:

H=t ¢p1=z, pp2=y.

The solution of this Cauchy problem gives the transformations of the independent

variable t and the dependent variables x and y

t=H=te*, T=¢p =xe §=py=pate® + (y— pot)e”. (6.81)
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Let us show that this Lie group of transformation transforms a solution of
equations (6.74) into a solution of the same equation. Assume that (X(¢),Y (¢))
is a solution of equations (6.74). The Brownian motions B;(t) and Bs(t) are

transformed according to the formula

a(t)
= / e*dBy(s)
0

% (6.82)
t) = / edBy(s), t>0,
0

where

t
B(t) :/ e*'ds = te*, a(t) = inf{s: B(s) >t} = te™*, t>0.
0 5=

Applying Tt6’s formula to the functions o1 (t, z,y,a) = ze® and ps(t, x,y,a) =

pote®® + (y — pot)e®, one has

o1(t, X (t,w),Y(t,w),a) = v1(0, X (0,w), Y (0,w

+/0 X’Zle ds+/ ed B, (s),

wa(t, X (t,w),Y(t,w),a) = p2(0, X (0,w), Y(0,w),a +/ e ds +/ e*dBs(s).
0
(6.83)
By virtue of (4.9)
Oa Coa
=

Changing the variable of the integral s = «(5) in the Riemann integrals in (6.83),

they become

t a B(t)
Hie ¢ — H1 ds,

s XOT T )y X(a()e

t B(t)
/ o€t ds = / fods.
0 0

Because of the transformation of the Brownian motions (6.82), the It6 integrals

/0 edB, (s) /0 " Bs).

n (6.83) become
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/ dBy(s) = / " B,

Because X (a(f),w)e® = X (t,w), one gets

o1(t, X (t,w),Y(t,w),a) = ¢1(0, X (0,w), Y (0,w), a)

B(t)
+/ / dBl
0

wa(t, X (t,w),Y(t,w),a) = p2(0, X (0,w),Y(0,w),a) + / pads + / dBs(s

Since ¢;(t, X(t,w),Y (t,w),a) = X(B(t),w), and @o(t, X(t,w),Y (t,w),a) =

Y (B(t),w), one has

B " A(t)
X((t),) = X(0 de + [ amo).

ﬁ(t) B
Y(B(t),w) = Y(0,w) + /0 f1ads + /0 dBs(s).

This confirms that the Lie group of transformations (6.81) transforms any solution

of system (6.74) into a solution of the same system.



Chapter VII

Conclusion

This thesis is devoted to an application of group analysis to the stochastic

differential equations.

7.1 Thesis Summary

A new definition of an admitted Lie group of transformations for stochas-
tic differential equations was developed in this thesis. This approach includes
dependent and independent variables in the transformation. The transformation
of Brownian motion is defined by the transformation of dependent and indepen-
dent variables. Correctness of all developed construction is strictly proven. Thus
a correct approach for generalization of group analysis to stochastic differential
equations has been developed. The developed theory was applied to a variety
of stochastic differential equations. First, stochastic differential equations with
one Brownian motion were studied. Then the theory was extended to stochas-
tic differential equations with multi-Brownian motion. For one dimensional It6
stochastic differential equations, two applications were studied: an equation de-
scribing geometric Brownian motion and an equation describing Brownian motion
with drift. For systems of stochastic differential equations with one-dimensional
Brownian motion, five applications were studied: a system describing the graph
of Brownian motion, a system describing the Black and Scholes market, a system
describing a narrow-sense linear system, a system describing a mean-reverting

Ornstein-Uhlenbeck process and a nonlinear It6 system. For systems of stochastic
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differential equations with multi-Brownian motion, four applications were stud-
ied: a system describing location and motion, a system describing a model for a
vibrating string subject to a stochastic force, a system representing an Ornstein-

Uhlenbeck process, a linear [t0 dynamical system and a nonlinear It6 system.
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