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HIDDEN-CHARM PENTAQUARK, CHARMONIUM-LIKE PENTAQUARK

We study charmonium-like pentaquarks in the baryon-meson molecule pic-
ture within the framework of the constituent quark model and consider all the
possible configurations for the ground state of charmonium-like pentaquarks. The
decay branch ratios of P.(4312), P,(4440) and F,(4457) are estimated for all the
configurations and all possible decay channels. The decay patterns show that all
the states decay in the pJ/y channel while all the states of J¥ = 1/2~ decay in
the pn. channel. It is found that five states in the color singlet ® singlet configu-
ration decay in open charm channels dominantly over hidden charm channels, and
all the states in the color octet ® octet configuration may not decay in open charm
channels. We may conclude that the baryon-meson molecules decay dominantly

through open charm channels.
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CHAPTER 1

INTRODUCTION

1.1 Quark model and Exotic states

Quantum Chromodynamics (QCD) is the theory of the strong interaction.
At present, it is still impossible to derive the hadron spectrum from the QCD La-
grangian analytically. The phenomenological models became one of the alternative
approaches to study the strong interaction (Chen et al., 2016). The confinement
property of QCD ensures that quarks and gluons are confined in hadrons. In 1964,
Gell-Mann and Zweig independently developed the quark model (Gell-Mann, 1964;
Zweig, 1964). The model successfully describes hadrons in the light quark sector
which include u, d and s quarks, forming SU(3) flavor symmetry with spin 1/2
for each quark. The quark model predicted the existence of {2~ which composites
of three strange quarks and was successfully discovered experimentally in 1964
(Barnes et al., 1964). In 2003, a candidate of pentaquark ©%(1540) has been
observed (Nakano et al., 2003). However, it was not observed in a more precise
measurement (Zhu, 2004). Since 2003, many exotic states such as charmonium-
like and bottomonium-like states have been observed. These states have been
studied in various theoretical models and experiments (Hosaka et al., 2016; Chen
et al., 2016; Liu et al., 2019; Brambilla et al., 2020). Some of them cannot be

fitted theoretically to the models (Chen et al., 2016; Brambilla et al., 2020).

1.2 The hidden charm pentaquark P.

In 2015, Large Hadron Collider beauty (LHCb) reported the first discovery

of a pentaquark in the decay of A) — pJ/1¥ K~ in pp collision at center-of-mass
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Figure 1.1 Feynman diagram of two possible intermediate states a) A* — pK~
b) P — pJ/v (Aaij et al., 2015).

energies of 7 and 8 TeV which corresponding to an integrated luminosity of 3
fb~!(Aaij et al., 2015). The decay was expected to be dominated by A) — A*J /v
process as shown in Figure 1.1a. However, the experimental result shows that
the AY decay via P.K~ channel significantly. According to the diagram in Figure
1.1b, the minimal quark content of the P. state is uudcc . Two pentaquark states
were reported: P.(4380) and P.(4450). They have masses of 4380 + 8 4 29 MeV
and 4449.8 £ 1.7+ 2.5 MeV, with corresponding widths of 205+ 18 £ 86 MeV and

39 £ 5 £ 19 MeV with statistical significances of 90 and 120, respectively. The

3

best fit of spin-parity J* values are 5 and g+, respectively. The other acceptable

JF values are (§+, 27) and (g+, 27) (Aaij et al., 2015).

In 2019, LHCD reported the discovery of new P states. An analysis of data
from Run 1 and Run 2 at 13 TeV with to the integrated luminosity of 6 fb~! shows
that the P.(4450) is actually an overlap of two resonance peaks. It also revealed
another resonance peak at 4312 MeV (Aaij et al., 2019).

The existence of the pentaquark states have been confirmed by ATLAS and
DO (Aaij et al., 2016; ATLAS collaboration, 2019; D0 Collaboration, 2019). Due
to the broad peak of P.(4380), it has been pointed out by (Lii and Dong, 2016)

that the resonance peak may be an overlap of resonances. In this work, we study

only the three narrow pentaquark states which are given in Table 1.1.



Table 1.1 Summary of P. states.

state M [MeV] I' [MeV] statistical significance
P.(4312) 4311.94+0.7758 9.8+ 27731 7.30
P.(4440) 4440.3 £1.3737  20.6 £ 4.91%], 5.40
P.(4457) 44573406711 64420757 5.40

1.3 Molecular picture

Interestingly, one notes that exotic quark states exist in the form of molecules
of hadrons. One example is the deuteron which is a loosely bound state of a
proton and a neutron with a binding energy of 2.2 MeV. The deuteron is an
example for the molecule state which can be viewed as a composition of two color-
singlet hadrons with a small binding energy. This inspired scientists to study
the structures near the two-hadron threshold (Chen et al., 2016). LHCb results
suggest molecular states for the three narrow P. states as the masses of P.(4312)
and P.(4457) are close to ¥ D" and ¥} D*0 thresholds, respectively, while the
mass of P,(4440) is about 20 MeV below ¥.D* mass threshold (Aaij et al., 2019)
as shown in Figure 1.2.

Although there are many studies about these pentaquark states, their struc-
tures are still under investigation. So far, the decay of P. has been observed only
in the pJ/v channel. One should expect that other processes might be observed
in future experiments. In this work, we study the hidden charm pentaquark with
the assumption that the structure is a molecule state by using the quark model.
We considered all the possible configuration of the ground state of hidden charm
pentaquark. We also worked out all possible strong decay channels of P.(4312),
P.(4440) and P.(4457).
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Figure 1.2 The narrow P, states and X7 D? and ¥} D*® mass thresholds with the
correspond J¥ values (Aaij et al., 2019).



CHAPTER 11

FPo AND FINAL STATE WAVE FUNCTIONS

In this chapter, we show the derivation of configuration and wave function of
both the pentaquark and all possible final states by applying group theory. We ob-
tained the explicit wave function according to the symmetry in the configuration.
We show all the possible configurations and quantum numbers for the pentaquark
states in Section 2.2 and for the final states in Section 2.3. In this work, we used
Young tabloids to present the irreducible representation of the permutation group
S, and special unitary group SU(n) where the details can be found in Appendix
Al

2.1 Configuration

The minimal quark content of P is wudcé which is a positive charge state.
In this work, we consider that the light quark ¢ including u, d and s have the
flavor symmetry of SU(3), while the charm quark ¢ and the anticharm quark ¢ are
not included in the flavor symmetry. The color of quarks are in the fundamental
representation of SU(3), while the color of anticharm quark ¢ transforms under the

conjugate fundamental representation. The construction scheme of wave functions

follows two principles :

1. Due to the quark confinement picture, the pentaquark wave function should

be a color singlet.

2. Since quarks are spin % particles, the permutation of any light quark in the

pentaquark wave function should be totally antisymmetric.



As we assumed that the pentaquark is in the baryon-meson molecule state,
the color singlet should be constructed from baryon and meson. There are two
possibilities of the color singlet configuration which are singletg ® singlet,; and
octetg ® octety; where B and M refer to the baryon part and meson part, respec-
tively. For the quark content in each molecule, we study only the case that the
pentaquark is a molecule of charmed baryon [ggc] and charmed meson [¢¢] since
these quarks configurations are possible only in the molecular picture. The two

possible configurations in the color degree of freedom are

Vi (gge) @ Yfiiyy(gc) = 1} (2.1)

and

¢[621](qu) ® wfm](qé) = ® ) (2.2)

where the configuration of Eq. (2.1) and Eq. (2.2) are called as color singlet ®
singlet configuration and color octet @ octet configuration, respectively. [111] and
[21] are the Young tabloid representations for the color singlet and octet, respec-
tively where the [21] representation has two possibilities: mixed symmetric (or
so-called A type, symmetric for the first two particles) and mixed antisymmetric

(or so called p type, antisymmetric for the first two particles) (see Appendix A.1).

2.1.1 Baryon part configuration

In this work, we study the pentaquark in the baryon-meson molecule state,
the symmetry of the identical particle should be separately calculated in each
molecule. Since the quarks in the meson part are not identical, so the meson wave
function does not have to be antisymmetric. The baryon wave function has to be

antisymmetric under the permutation of any light quark in the baryon. The total



wave function of the baryon part could be expressed in terms of
\I’B — ¢colornspatialgbflavorxspin7 (23)

The quarks in the baryon part are [gqc|, so the wave function of baryon part should
be antisymmetric for the first two light quarks. The total wave function of baryon
part in the combination of color wave function 1" and spatial-spin-flavor wave
function ¢°%/ can be written as

Y (2.4

o>f
7‘7

where 03/ = pppatial gflavoryspin with [),.¢] as a representation for the spatial-
spin-flavor part where o stands for orbital referring to the spatial contribution.
[A¢] could be [111] for the color singlet @ singlet configuration or [21] for the
color octet ® octet configuration. The summation indices ¢ and j depend on the
representations. The coefficient a;; can be determined by applying the permu-
tation operator (see Appendix A.3). According to Eq. (2.4), the baryon wave

function of the color singlet ® singlet configuration can be written by
\Ij[lll wcf’fi”wosf( )07 (2.5)

where ¢ is the charm quark. While the total wave function of baryon part for the

color octet ® octet configuration has two possible cases:
color /08
qjgl = ¢[21]A [11]10( ) (2.6)

and

R [Ogs]f( ?)e. (2.7)



Similar to Eq. (2.4), we can find the combination of ¥°*/ in terms of n®*ete! and

Y*f. The °f and ¥/ can be written in the general form by
osf spatzal
[>\osf] sz] )\o]z >\ f]] <28)

[)\Sf Z q m(b{;;wor spm (2.9)

We applied the orthogonal theorem of group theory to find the possible configu-
rations for Egs. (2.8) and (2.9) (see Appendix A.2). The orthogonal theorem in

group theory leads to the following property for the characters of a group

9) =Y mex'”(9), (2.10)
m, = % > X" (9)x(9), (2.11)

where g are group elements, x(g) are the characters of a reducible representation
and x(?)(g) are the characters of the irreducible representation labeled by o. The
sum over o is over all the irreducible representations of the group while the sum
over g is over all the group elements. By applying Eq. (2.10), the irreducible
representations [A,], [Asf], [As] and [Af] are derived following the formula (Yan,

2020; Xu et al., 2019; James and Liebeck, 2001),

pZ [)‘os ]* Ao P‘s ]
D] Z O, (2.12)

- Pi  Nsrlx sl A
ming = Y o ), (2.13)

where the finite group G of order n has r conjugacy classes C;(i = 1,2...r) with
the number of elements in the conjugacy class C; being p;. One may derive all
the possible [\,] ® [Asy] and [A;] ® [As] products which lead to nonzero my, ;) and

mi,,], respectively.



All the possible spatial-spin-flavor and spin-flavor configurations are shown in

Tables 2.1 and 2.2, respectively.

Table 2.1 Spatial-spin-flavor configuration for baryon part.

. . . [2]0 ® [2] sf
Color singlet @ singlet configuration — [2],f
[11], @ [11]
2lo ® [2]ss
[2]05]‘
[11], ® [11]
Color octet ® octet configuration
2lo ® [11]sf
[11],s¢
[11]o ® [2]sf

Table 2.2 Spin-flavor configuration for baryon part.

o 2]y ® [2]s
gy e,
2]y ® [11],
[11],5
[11] ® [2],

From Table 2.1, the configurations in the combination of color, spatial and

spin-flavor wave function are

OB S @ o) (2.14)
Wy, = vl (i@ @ ). (215)
Why, = v (Vi) o ). (2.16)

The combinations of the possible configuration for spin-flavor wave function
from the symmetry in Table 2.2 are shown in Table 2.3, where ¢ and x are flavor
and spin wave function, respectively.

The configurations in Table 2.2 show that there is more than one possible spin

and flavor configuration for a spin-flavor wave function, thus we show all possible
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Table 2.3 Combinations of spin-flavor wave function.

¢[2]X1
@Z)[g]]c(qz)

¢[11]X0

¢[2]X0
w[lfl] (¢*)

¢[11]X1

combinations in terms of the color, spin and flavor wave function explicitly in
Table 2.4, where S, A\, p and A stand for symmetry of [3], [21]), [21], and [111],
respectively, ¥ and ¢ are the color and flavor wave function, X3 and x 1 are the

spin wave function for spin % and spin %, respectively, and ¢ is the charmed quark.

Table 2.4 Configuration of baryon part wave function.

Yagpxsc

Color singlet ® singlet configuration ¢A¢[2}X%C

¢A¢[11]X%C

UagpxLe
¢A¢[11]X%C
Uadnyxic
Color octet ® octet configuration

Vpdpaxsc
VpPl2x1C

¢p¢[11]X%C

The explicit form of the wave function that corresponds to the symmetry in
the configuration can be derived by using projection operators in the Yamanouchi

framework. The projection operator takes the form

PO =" (N@)gl N ™) i (2.17)

)
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where |[A](7)) is the Yamanouchi basis function of the representation [A] of per-
mutation group S, and g; is the group element of S, (see Appendix A.1). The

projection operators of the permutation groups of S3 and S; are

P% =1+ (12) + (13) + (23) + (123) + (132), (2.18)
P =1+ (12) - %(13) - %(23) - %(123) - %(132), (2.19)
Pr—1-(12)+ %(13) + %(23) - %(123) - %(132), (2.20)
PA=1-—(12) — (13) — (23) + (123) + (132), (2.21)
PRl =1+ (12), (2.22)
P =1 —(12), (2.23)

where P°, P P? and P4 are the projection operators of [3], [21]), [21],, and

P

[111], respectively. For example, the proton flavor wave functions ¢, and ¢, read:

i
PMuud = vud + uud — Eduu - §udu — §udu - §duu

= 2uud — udu — duu

20y = —=(2uud — udu — duu) (2.24)

Sl

1 1 1 1
P udu = udu — duu + —udu + —uud — —duu — —uud
2 2 2 2
3

= §(udu — duu)

1
SLQp = E(udu — duu) (2.25)

All the wave functions of color, flavor and spin for permutation symmetry are

shown in Tables 2.5, 2.6 and 2.7.



Table 2.5 Color wave function of baryon part.

Va

rgb — grb+ gbr — rbg + brg — bgr)

(O

2rrg — rgr — grr)

grg +rgg —299r)
2rrb — rbr — brr)

S-Sl Sl |-

(
(
(
(

=(2rgb + 2grb — gbr — rbg — brg — bgr)

S

299b — gbg — bgg)
brb + rbb — 2bbr)
bgb + gbb — 2bbg)

rbg + brg — bgr — gbr)

Uy

rgr — grr)

rbr — brr)
gbr +rng — brg — bgr)
gbg = bgg)

(

(

(

(

(

(rgg — grg)
(

(

(

(rbb — brb)
5 (

R S R U o S SV e S

gbb — bgb)

= (2rgb — 2grb — gbr + rbg — brg + bgr)

5

12
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Table 2.6 Flavor wave function of baryon.

15,1,2,43) =
15,1,3,+1) = \%(uud—i—udu—i—duu)

’s 15,1,3,-1) = 75 (udd + dud + ddu)
15,1,3,-3) = ddd

" N1 g+5) = e (2uud — udu — duu)
IALL -1 = %(dud%—udd—?ddu)

. 015 +5) = J5(udu — duu)
p13-8) = d(udd - dud)
12],2,1,41) = wuc

oo | [12,2,1,0) = L(ude+ duc)
12],2,1,-1) = ddc

o | [[11],3,0,0) = Z5(udc = duc)

Table 2.7 Spin wave function of baryon (where the spin % has two types, A for
mixed symmetric and p for mixed antisymmetric).

91D ern BTV
[S,2,42) = T+ 1) + [41)
X3 S.3.-2) = FUHD)+ D) + W)
S,4,-3) = W)
Agtg) = QI — 1) = )
X1 ML =1y = () + 1) — 21))
pr3ts) = ) =)
X3 P33 = TN =)
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2.1.2 Meson configuration

The color configuration for the meson has been shown in Eqgs. (2.1) and (2.2),
and we assume that the molecule is in the ground state. In Table 2.8, we list all
possible meson configuration where 1) and ;) are color wave function. The
color, flavor and spin wave function of the meson part are shown in Table 2.9, 2.10

and 2.11, respectively.

Table 2.8 Configuration of meson.

Color singlet ® singlet configuration | Color octet ® octet configuration
Y @(ge)xa Y1 (ge)xa
¢[111]¢(QE)X0 w[21]¢(qé)X0

Table 2.9 Color wave function of meson.

770[111] 13 (7'77 + 99 + bi))

3

<
(el

gb
ol |

/2 (7’77 —99)
Yo

qr
_bg
br

\/Lg(rf + gg — 2bb)

Table 2.10 Flavor wave function of meson part.

uc

de
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Table 2.11 Spin wave function of meson.

L+1) = 1)

i | [L+0) = (1 + [11)
-1 = W)

o [10,0) = (10— [11)

2.2 The pentaquark wave function

Since we study the pentaquark in the molecule state, the pentaquark config-
uration is given by a direct product of the baryon and meson. While there is no
required symmetry in this direct product for the spin and flavor part but the color
wave function has to be a color singlet following Eqs. (2.1) and (2.2). The color
singlet ® singlet configuration is simple due to the direct product between singlets
can give only the singlet representation. For the color octet ® octet configuration,

the singlet wave function can be derived as
1
s B M
77Z}singlet = % Z w[Ql]i ® 7\/}[21]24 (226)

where 1/)[];”1]i and 1/)[]‘24”2_ are the color wave function in [21] representation of baryon
and meson part, however to construct a color singlet then the meson color wave
function has to be a conjugate state to the color wave function of the baryon in
Table 2.12.

The flavor and spin wave function of the pentquark can be calculated by cou-
pling the flavor and spin wave function of each configuration, using the Clebsh-
Gordan coefficient (see Appendices A.4 and A.5). We show all the possible con-

figuration and the corresponding spin and isospin of pentaquark in Table 2.13.
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Table 2.12 The baryon color wave function and their conjugation from the

meson color wave function.

(5N Y, Y

%(27‘7”9 —rgr — grr) \%(Tgr —grr) br

(979 + 199 — 2997) 75(rgg — grg) bg

%(27‘7”1) rbr — brr) %(rbr —brr) —gr

\/—1—2(27”gb et %(gbr +rng — brg — bgr) \%(m’ - 99)

—gbr —rbg — brg — bgr)

75(299b — gbg — bgg) 5 (gbg = bgg) rg

%(brb + rbb — 2bbr) %(rbb — brb) —gb

%(bgb + gbb — 2bbg) L(gbb bgb) rb

L (rbg + brg — bgr — gbr) v #rdh = 20t 1(2bb — 17 — g7)

—gbr +rbg — brg + bgr)

2.3 Decay particles

Possible quark contents for the decay particles are [qqq|[cé] and [gqc][gc]. Since

the decay particles are independent of each other, the color wave function of

each decay particle must be a color singlet. Thus the configuration for the color,

spin and flavor parts of the decay particles for [¢qc|[qé| appears to be the same

as the color singlet ® singlet configuration of the pentaquark in Table 2.13.

The configuration for [gqq][cq] corresponds to the conventional baryon and the

charmonium. For the conventional baryon [gqq], The possible configurations for

the spatial-spin-flavor wave function are shown in Table 2.14.

The combination of color, spatial and spin-flavor wave function for the ground

state of the conventional baryon can be written by

\Ij[lll 77Zjﬁollgr Spatzald][g]

(2.27)
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Table 2.13 P. configurations.

Pentaquark configuration Baryon part Meson part [sospin  Spin
Vo f21p 31021 Ypdaxs  ® Ynydle@xp 55 3.4
Uil Bl Ypdpxs  ® Ynud(@xpy 5.3 2
Uil rl21)2ls Yugdpxa @ Ypé(@@xe 55 33
U)ol pl2111)s Ypdpxa  ® Ynud(@xpy 5.3 3
Uil e 212l Yndpux,  © Ypd(@xe 3 53
‘I/[111]C[11]F[21][11]S ¢[111]¢[11}Xp ® w[ln}@b(q )X[n] % %
Vi1 2 F 2101205 Vpp X,  ©  Yrnd(ed)xy 21 23
Uioup ) p1e 1] Dpipdpx,  © Ypnd(@@xpy 5,3 3
LBVSIRECER DadpiXs  ®  Ypud(ee)xp P 5h3
W12 11 [3)(11] YaPi1)Xs ®  Ypyd(ee)xny z 3
Wi g1 21 Dabpxa  ®  Ypud(ee)xp 3 33
Yo 1] 21211 vaopXx ®  Ypyd(ad)xpy 3 3
Wiarje, 2] pfa)i21s Vobaxs © dpndl@xe 33 5,33
Y12 2] p (3001 UpdpaiXs ® Ypydl@@)xpy 33 3
Wia1jg (1 215 VPl Xn ® Ypyd(a)xpy 53 53
Wiarje, 2] pl21 118 VpPXr ® Vpyo(@@)xm 33 3
W12 112110 25 YebunX, — ® Ppndled)xp 3 33
W12, (1] p 21)r 115 YodniXp ®  Ypye(ge)xn % %

Table 2.14 Spatial-spin-flavor configuration for baryon part.

[3]0 (9 [3]sf
Bloss | [21]o ® [21],4
[111]0 ® [111]5f

The possible configurations of spin-flavor wave function for the conventional baryon

are shown in Table 2.15.
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Table 2.15 Spin-flavor configuration for baryon part.

Bl @ 3]s

3 s
B o, o)

3] @ [21];
21]sr | [21]f ® [3]s, [21]; ® [21]5
[111]; ® [21],

[21]; ® [21];

111],
s 111]; ® 3],

The meson in the conventional baryon channel is a c¢ pair with the configura-

tion in the ground state of

|J/¥) = Ypugnze(ce) xa, (2.28)

)= Ypa1n ¢ (cc)Xo- (2.29)

The explicit wave function of the conventional baryon and open charm baryon are
given by Tables 2.5, 2.6, and 2.7 and for the corresponding meson by Tables 2.9,
2.10 and 2.11. All the possible configurations of the final particles are shown in
Table 2.16.

2.4 Spatial wave function

As shown in Eq. (2.14) and Table 2.8, the spatial wave functions have to be
totally symmetric for the ground state in each molecule. We used the harmonic
oscillator to approximate the interaction between quarks. The Hamiltonian takes
the form,

Hp, = Hp + Hy + H'(R), (2.30)



Table 2.16 Final particle configuration.
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Final particles Baryon part Meson part Total Isospin  Total spin
At T/ Y1 PEIXs ®  Yrie(ce)xpz 3 531
At Y1 PEIXs ®  Ypuiyyd(ce)xpy % %
pJ/Y Py (axa + 6px0)/V2 ®  duid(ce)xp z 3.4
PNe Yy (daxa + DpXp)/V2 @ Y1 @(ee) X z i
¥iD* Y11PpIXs ®  Pniye(ee)xp) 3.4 531
2D Yr11PpIXs ® Y1 P(ge)x %7% %
YD* Y1191 ®  Yu19(ge)x 2 %, % %, %
2D Y1191 XA ® Y1 P(ge)x %, % %
A} D~ Yr1yPnyXxe ®  Ynid(ge)xp) 1 3.1
AFD Y1 P Xxe ®  Yriye(ee)x i z

where Hp and H); are the Hamiltonian of baryon and meson, H' is a interaction
Hamiltonian of the baryon and meson molecule. The harmonic oscillator of baryon

and meson takes the form

N

HA:Z

(2.31)

— )2,
i<j

where A is either baryon or meson, a4 is a force constant which is assumed to be

the same for every quark in the molecule but different for each molecule of the

baryon or meson. Under the flavor symmetry, v and d quark have the same mass

m while charm quark has mass M. The Hamiltonian of the light quark baryon and

the charmed baryon have the same forms in Jacobi coordinates but with different

parameters,

p DX 2 2
H AT A 2.32
B. 2m+2u+ ap,(p”+ A7), (2.32)
P2 p?
Hp=-2 4+ 413 24 \2 2.33
B=5 +2 + 3ap(p® + \?), (2.33)
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X = %(ﬂ T 7 — 27),
I .
p—ﬁ(m—rz),

B 3mM
#_2m—|—M'

The Hamiltonian of charmed meson and light quark meson takes the form,

2
pa 2
Hp = o0 +2Cp€2, (2.34)
p2
Hy = 22 +20,€2, (2.35)
2m

The Hamiltonian in Eq. (2.32) and Eq. (2.34) can be used for both the pentaquark

and the decay particles.



CHAPTER III

DECAY OF THE F.

In this chapter, we show the calculation and results of the dynamical properties

of the decay processes of the pentaquarks.

3.1 Transition amplitude

q: — 6 a1 » s
_.q7 q >4
72 -9 B, 2 » B
C3 _,Cg P C3 qs
P q gy
4 2 1D 4 9 o~
r A I o &
ES = El() D Cs + Ci1o0
(a) Direct diagram Og (b) Cross diagram O¢

Figure 3.1 Quark line diagrams.

We study the decay of pentaquark by using the quark interchange model with
the quark line diagrams in Figure 3.1. From the diagrams, the transition amplitude

of the decay should be written in the momentum space as

T, = / d’py - dPpsd®pg - - - d*pro (BM |psprpspopio)
Femmmpololmmmns G

(prpapspaps| Pe)

where the operator O; of the quark line diagrams takes the form

Os = Asd™ (71 — 75)0) (52 — )6 @ (s — ) 8™ (71 — 96)0%) (F5 — o), (3.2)

Oc = A\c0® (p1 — ]76)5(3) (P2 — ]77)5(3) (s — Po) 0 (Fs — Ps)6® (s — Fio). (3.3)
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Following the spatial wave function of the pentaquark and final states, the transi-
tion amplitude is

7’!7; — TO . fCSF, (34)

fCSF

where T is the transition amplitude in the spatial part and is the color-

spin-flavor factor,

fCSF — <¢§SF C’SF|Q/}PSF> (35)

We will show the color-spin-flavor factor values for every pentaquark configuration
in open channel in Section 3.3.
The partial decay width for the pentaquark decay can be calculated by the two-

body decay formula in the center of mass frame,

Ppp Ppu AT O
_ / 57 il T m) 8 W P00 (Br, — By — Ba), (36)

where Epa = y/m%y + Ph - From the transition amplitude Eq. (3.4), the

partial decay width takes the form

EgFE
i E 02>\2 B~M q2)‘fC'SF 27 (37)

Mep,

c

where f(q?) is the kinematic phase factor from the spatial part of T as a function
of decay particle momentum g = |Pg| = | Pjs|. Solving the transition amplitude of
the spatial part T° involves a lot of parameters which must be fit from experiment.
A similar analytical calculation in pp collisions shows that the transition amplitude

has the Gaussian form from the MIT bag model (Dover et al., 1992),

F(g?) ~ qeoT 1, (3.8)

where R is the bag radius and « can be obtain via fitting to the experiment data.

Here, the exponential arises from wave function overlap in the harmonic oscillator
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approximation (Dover et al., 1992). Instead of using the analytic calculation of

T, we introduce the phenomenological phase factor (Vandermeulen, 1988),

F(s.mp,ma) = q(v/s,mp, mar) exp { —A(s — spu)'?} (3.9)

where q(v/5, mp, mar) = 5 /(m3, = (mp +ma)?) ((m, = (ms = mar)?), .01 =
(mp +mu)? and A = 1.2 GeV™'. We calculated the normalized partial decay

width by choosing a reference decay channel. The normalized decay width is

2
E _ EBiEMi/MPci f(\/gv mBi’mMi) ‘fiCSF} (3 10)

o Ep,By,/Mr., f(Vsmp,ma) | FESFTP
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3.2 Momentum and Phenomenological form

We calculated the momentum of the final particles for each P, and their open
channels in Table 3.1 and f(y/s, mp,mys) values as defined in Eq. (3.9) in Table
(3.2).

Table 3.1 Final particles momentum in MeV.

Final state Final mass P.(4312) P.(4440) P.(4457)

ATn, 4214 417.521  642.375 667.22
Pe 3922 788.713  923.544  940.494
AT T/ 4327 n/a 451.526  485.167
pJ /¢ 4035 658.118  809.443  828.059
YD 4387 n/a 338.272  389.163
».D 4322 n/a 503.93 539.569
AFD 4154 975.53 780.367  804.047
¥ D* 4529 n/a n/a n/a
¥.D* 4464 n/a n/a n/a

A} D* 4296 185.173 ~ 559.699 092.4




25

Table 3.2 f(\/s, mp, my) values.

Final state P.(4312) P.(4440) P.(4457)

ATn, 139.412  119.937  116.89
Ple 91.836  76.0007  74.1211
At T/ n/a 136.762  134.581
pJ /[ 106.134  87.6319  85.4071
YD n/a 148.87  151.384
3.D n/a 148.749  146.114
AfD 143.656  118.92  115.737
¥:D* n/a n/a n/a
».D* n/a n/a n/a
AF D 118.623  145.69  142.544

3.3 Color-Spin-Flavor factor

From Eq. 3.3, we calculated the transition amplitude of color-spin-flavor f¢5%.
Tables 3.3 and 3.4 show the f¢3% for the hidden charm decay channel which can
proceed via both straight and cross diagrams while Table 3.5 for the open charm

decay channel which can proceed only via the straight diagram.
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Table 3.3 Color-Spin-Flavor factor of the AT.J/¢ and AT7, channel for I = 3.

j  P.configuration A%1J/¢p ATy,

% Y112+ B[2]s 0.1111
\11[21]‘5[2]1?[3}[2}5 0.8888

S Vnuepemes  0-0034 00463
UiijemeEnygs  0.0462  0.0277
Upinepepgs  0.0617  0.0370
U112, 121 4 [3)(2)s 0.0246  0.3703
‘1’[21]g[2]F[3][11]S 0.3703  0.0555
LI1[21]’5[2]1?[21][2]5 0.4938  0.0740

L Opupemps o 0.0123
Uiiepepyes  0.0246
Vnnefelpleypys  0.0740
Vo ess - 0-0987
q’[zug[z]F[m][Q]s 0.1975
W (2112, 2] ¢ [20]11] s 0.5925




Table 3.4 Color-Spin-Flavor factor of the p.J/¢ and pn. channel for I = %

j  P. configuration  pJ/v PNe

S UniepeBEEs 0.0308
Ui11)c 2 pBI11)s 0.0185
V1) [2) - 2112)s 0.0061
Vinjepyrys  0.0555
Vi1 21 e (321 0.2469
Vogpesnys 01481
Wi2112, 21 21025 0.0493
Vi nyppajeizls 04444

L WinepeEps 00123 0.0370
Vi1 2]#21)[2]s 0.0385  0.0046
U@y 0.0046  0.0138
Vigepepyzs  0.0.138  0.0416
Ve epeynys  0.0416 - 0.0138
Vo112 21 31120 0.0987  0.2962
Vo peepes 0-3086  0.0370
Vine gpipppys  0.0370 0.1111
Ve nyppyeps  0.0123 0.3333
Uy nuppenys  0-3333 0.1111
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Table 3.5 Color-Spin-Flavor factor of the open charm channel.

-

[

P. configuration

¥ D*

¥.D*

A+ D

s*D %D ASD

Wi p )20

1

N N

[N [eN] [\

W12 r(3)(2)s
Wi1)e ) p21]2

Wi1)c (2 r[3]11]

1

[\ [N}

N |—=

W12 p(3)12)s
W12 rl21]12] 5

W12 p21] (11

W12 r(3)(2)s

NI | NI

[\ [oV] N | Ot

W12 r(3)12)s
W12 rl21]12]
WYii)e e 212

Wi1)c (2 rl3]11]

N[

N |—=

Ynijofe)r[3)[20s

Vi1jofe)pl21)(2]s
Ve pR1ps
Yhje 2 p20[1]s

V)6 ys2i)iys

—_
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3.4 Partial decay width ratio

29

In this subsection, the decay width ratios for the open channel of the same P,

configuration are evaluated. We find that the decay width ratios of the three P.

states are of the same magnitude. Thus we only show the results from P,.(4457)

in Tables 3.6 and 3.7.

Table 3.6 Partial width ratio of P.(4457) for I = 3.

j  P.configuration  Atn. pn. AtJ/p pJ/y XED Y.D AfD AfD*
5 Yol 1
Y212 21 3112]s 1
% U111)e 217 [3](2]s 13.458 1
Vii11)e 21+ [3][11] s 0.537 1 28.507
Yhieen)iels  0-537 1
Y212, (200 (3120 13.44 1
Yione 2lrgnys  0-559 1
‘I’[21]PC[2]F[21]A[2]S 0.537 1
3 Yncpeps 1
Yhiijef2rl21](2]s 1
Ve rl21][11]s 1 17.275
Yi2112 121 - 31121 s 1
Y2112 2] 211012 1
Y211z 2] 212 (115 1




Table 3.7 Partial width ratio of P.(4457) for I = 1.

30

j  P. configuration Atn.  pn.  ATT/p pJ/Y ».D AFD  AFD*
5 Yiees 1
Yi11)e21#[8][11]s 1
Vii11)e 217 [21][2) s 1
Yiinjep)pf21]2]s 1 37.062
Vi21j2. 121 (3]12)5 1
Vo112, 21r[3]11]s 1
Y2112, [2)r [21]7 25 1
Y21 1] p (2110 [2)s 1
3 Yinees 2.699 1
Vi11)e 217 [21][2] s 0.107 1
Vi1]e 2 p21][11])s Inig0 1 451.107
Vn1]e 1] r[21]12]s 2.698 1 148.317
V1)1 e 20011 s 0.299 ) 39.964
Yia1jg (2] 8120 2.697 1
‘I’[21]g[2]F[21]A[2]S 0.109 1
W12, (2] 21 [11]s 2.698 1
‘I’[zl]g[n]p[m}ﬁp]s 2.697 1
Yio1je 1) r 21 [11]s 0.299 1
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3.5 Normalized decay width

Since we do not know a certain state of the P. states, we need to choose a
decay channel as a reference. We normalized the decay width based on
I'(P.(4312,3,2) - NJy) = 1. There are three normalized values for each P,
state, they were calculated by P.(4312), P.(4440) and P.(4457) for the upper,

middle and lower values, respectively. Since P. decays to p.J/t¢ channel in exper-

iment, which is isospin %, we show only the calculation for the isospin % The

normalized decay width of j = % and j = % are shown in Table 3.8 and 3.9,
respectively.
Table 3.8 Normalized decay width of j = %
P, configuration Atne  pne  AtJ/p o pd/fp XED D AFD AFD* total
1 1
Yi)el2)F(3)(2]s 0.88 0.88
0.84 0.84
0.60 0.60
Yii11]e 21 FB11]s 0.53  58.69 59.22
052  59.93 60.45
0.20 0.20
Y2l r21][2)s 0.18 0.18
0.17 0.17
1.80 46.21  48.01
Yhienipl2iizls 1.58 58.46  60.04
1.55 57.42  58.97
8.01 8.01
V12112, 121 [3](2] s 7.01 7.01
6.89 6.89
4.80 4.80
Y2112, 2] 3111115 4.21 421
4.13 4.13
1.60 1.60
V(2112 [2) p [21] [2] 5 1.40 1.40
1.38 1.38
14.40 14.40
Y2112, 1)k 21]0 2] 12.62 12.62

12.40 12.40




Table 3.9 Normalized decay width of j = %

P, configuration Atne  pne  ATJHp pJ/dy BED B.D  AFD  ATD*  total
1.08 0.40 1.48
Pli)o(2)#(3)12)s 0.95 0.35 1.30
0.93 0.34 1.27
0.13 1.25 1.38
Ve (2 p21)(2)s 0.12 1.10 1.22
0.12 1.08 1.20
0.41 0.15 0.56
V11621 #21][11] 5 0.35 0.13 58.91 59.39
0.35 0.13 58.11 58.59
1.22 0.45 46.21  47.88
Ve p212)s 1.06 0.39 58.46  59.91
1.04 0.39 5742 58.85
0.41 1.35 55.70 57.46
Y1111 #21][11] 5 0.35 1.18 47.52 49.05
0.35 1.16 46.43 47.94
8.66 3.20 11.86
V12102, 121 [3][2] 5 7.57 2.80 10.37
7.43 2.75 10.18
1.08 10.00 11.08
Vg2 peiies L% B 9.72
0.94 8.61 9.55
W25 1.22 4.47
V(2112 (2 212 (1] 2.84 1.05 3.89
2.79 1.03 3.82
9.74 3.60 13.34
Yz nurue s 8.58 3.16 11.67
8.36 3.10 1.46
3.25 10.80 14.05
V00, (11] p [21]0 (1] 2.84 9.47 12.31
2.79 9.30 12.09
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CHAPTER IV

DISCUSSION AND CONCLUSION

We studied the three charmonium-like pentaquark states, P.(4312) P.(4440)
and P.(4457) by using the quark model. We assumed that the pentaquark states
are bound states of a baryon-meson molecule. By applying group theory, 47
states for the ground state pentaquark were derived (Table 2.13). We calculated
the color-spin-flavor factor to determine the allowed channels (Section 3.3). The
factor shows that some pentaquarks in the configuration of color octet ® octet
are not open due to the color factor as shown in Appendix A.6. We calculated
the transition amplitude for: the direct and cross diagram. Though the spatial
wave function is in the Gaussian form for the harmonic oscillator, we used the
phenomenological form Eq. (3.9) to calculate the partial decay ratio and the

normalized decay width. From the results in Sections 3.4 and 3.5, we find that

e Some pentaquark states in the color octet ® octet configuration dominate the

state in the color [111] configuration for the hidden charm decay channels.

e Our results indicate the baryon-meson molecule states decay dominantly

through the open charm channels.

For the case of P.(4312) with spin 3/2, there are only two open decay channels:
pJ/, and A} D* while for the case of spin 1/2, four open decay channels exist:
e, pJ/1, AF D, and A} D*. The decays to pn., and A7 D will be the important
decay channels to determine the spin of P.(4312) since the decay channels open
only in the spin 1/2.

Due to their mass being close to each other, P.(4440) and P.(4457) have the

same decay channels as shown in Table 3.1. The decay channels for spin 3/2 are
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pJ /1, ¥:D, and A D* while the pn., pJ/v, ¥.D, AT D, and A D* channel open
for the spin 1/2. Thus the decay channels of pn., ¥.D, AT D and XD could be
used to determine the spin of P.(4440) and P.(4457). If the pentaquark decays
to pn., XD and A} D, then its spin should be % while the decay in XD would
indicate its spin to be % However, this is the conclusion when we only consider the
pentaquark in the molecular picture. The spin has to be considered in the other

models as well. As a result, we strongly suggest that charmonium-like pentaquarks

to be searched in experiments in both the open charm and hidden charm channels.

While the investigation of the decay channel leads to the spin of the pentaquark,
the ratios sensitively depend on the pentaquark configuration. From Table 3.7 for

I=1andj= %, there are three different values of the ratio of

T'(P.—Nn.) .
. TR 9.7,

T(P.—NJ/¥

0.1, and 0.3 while the ratio, to the open charm decay channel for I = % and j = %

are
(P, — %:D)
) _ g3 41
nE. SN o (41)
I(P, — A+ D)
ot T 4.2
TR S N0 +2)
andforI:%andj:%,
(P, — %.D)
=4 4.
B S NI (4:3)
(P, — A D)
<) _ 451 4.4
(P, — NJJ0) ’ (44)
L(P = AID) (4.5)

(P, — NJ/y)
In this baryon-meson molecular picture, the pentaquark should also be found in

the open charm decay channel since the results show that the open charm decay

channel strongly dominates over the hidden charm decay channel. On the other
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hand, the result from the available experiment shows that the hidden charm decay
channel dominates the other channels. Thus P, is not likely to be a molecule state.

For the other possibilities of the charmonium-like pentaquark state of I = %,
the results in Table 3.6 show that they all decay to ATJ/y, although some P.
states can also decay to A'n.. There are two decay modes in the open charm

channel for [ = g with different spin. For j = %,

I(P.,— X:D)
T(F..— AT J/4)

— 28, (4.6)

and for j = %
(P, — %.D)

iRV iRl (4.7)

For the charmonium-like pentaquark with I = %, our results show that the open
charm decay channel also slightly dominates over the hidden charm decay channel

though not as strong as in I = 3.

In summary, our study excluded some of the pentaquark configurations because
the color-spin-flavor factor is zero. We have found some decay channels are very
promising to determine the spin of the pentaquark experimentally: pn., 3.D,
D and A} D. For experimental observation, the open charm decay channels
might be estimated by BR(Z((;*) — Ant) =100%, BR(A. — pK~n") = 5%
and BR(D" — K~ n"x") = 10% which leads to the decay ratio being multiplied
roughly by 0.005. The 7. decay for the hidden charm decay channel might be

estimated by BR(n. — vy) = 1.58 x 107*%.
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APPENDIX A

A.1 Young tabloid diagram

In the language of permutation groups, each young tabloid represents a con-
jugacy class of .S,,. Thus, if we have worked out all the possible Young tabloids of
permutation group S, then we know all its conjugacy classes and also the num-
ber of the irreducible representations since each conjugacy class corresponds to an
irreducible representation of S,,. So we would use the lambda pattern [A] to stand
for an irreducible representation of S,, where the dimension of a Young tabloid can
be calculated by working out all the possible Young tableaux or Weyl tableaux.
For example, the irreducible representations of S3 with the corresponding Young

tableaux and dimensions read,

[3]: I [ 74 r=1,
112 13
[21]: r=2,
3 2
1
[111]: | 2 r=1
3

Each representation has a different symmetry, [3] is a symmetric representation,
[111] is a antisymmetric representation. The [21] has two dimensions which are
mixed symmetric (or so-called A type, symmetric for the first two particles) and
mixed antisymmetric (or so called p type, antisymmetric for the first two parti-
cles). In the Yamanouchi framework, the number of the basis functions for an

irreducible representation corresponds to the number of the Young tableaux. The
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basis function can be written as

ol = |[A)(r) (A1)

where r is the number of box removing for each Young tableaux. The repre-
sentation matrix for each permutation element can be derived. For S3, the rep-
resentation matrix of [3] and [111] has one dimension since both of them have
only one Young tableaux while the representation matrix of [21] has two dimen-
sions. For [3], the representation matrices for each permutation element DPl(g;)
are all equal to 1. For [111], DI"'(g;) is equal to -1 for (12), (13) and (23) while
DI (123) = DIMI(132) = 1. For [21], Since we know that it has two Young

tableaux, the basis function for each Young tableau can be written as

— ¢ = [[21](211)), = ¢ = |[21](121)) . (A.2)

The representation matrix of [21] for the permutation element (12) is

2 1 0
DPI(12) = > (¢;1(12)]6) = , (A.3)
o=l 0 —1
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Similarly,

D(23) = L2 V2 , (A.4)

—/3/2  1/2
DPY(13) = DY(23) D (12) DY (23), (A.5)
_ —1/2  —/3/2 (AS6)

—/3/2  1/2
DPY(123) = D(13)DRY(12), (A7)
_ —1/2 —/3/2 (A5)

V3/2 —1/2
DPY(132) = DE(12)DRY(13), (A.9)
_ [zl Ve (A.10)

—/3/2 —1/2

To derive the explicit form of the basis wave function, one can use the method of
projection operator. The projection operator of the permutation group S, takes

form
WE =237 (Nlad ) g6 (A11)

)

where g; stand for all the elements of S, and n), is the dimension of the repre-

sentation [A]. Operating W([?)] on any function f(1,2,---,n), one can derive the
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corresponding basis function. For example, ¢; of representation [21],

o1 = Wi f(123) S
= 25 (orlalon :5(129) (B.13)
[ on
_ é {1 +(12) - %(13) - %(23) - %(123> — %(132)] f(123) (A.15)
:%{ﬂm@+ﬂm$—%ﬂ%U—%ﬂB%—%ﬂ%U_%ﬂmm} (A.16)

For SU(n) group, the direct product of two irreducible representations of SU(2)
or SU(3) is generally reducible. The reduction can be worked out by using the
method of the outer product of permutation groups. The irreducible representa-
tions can be represented by using the Young tabloid but the dimension for each
Young tabloid corresponds to the number of the Weyl tableaux. For SU(3), repre-
sentations [3], [21] and [111] form a decuplet, octet and singlet, respectively, while
for SU(2), [3] and [21] form a 4-multiplet and doublet, respectively, for SU(2),

there is no representation [111].

A.2 Applied orthogonal theorem

The character of the product of irreducible representations can be written as

x(9) = X (g)x"(g), (A.17)
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while the character of reducible representation can be written as

X(9) =Y m@x(g). (A.18)

The « and g irreducible representation correspond to the ~ irreducible represen-

tation can be calculated from

(X7 x) =D mie (X7 x) = (X, XX ), (A.19)
1 o
medhe =~ X709 (X P(9) . (A20)
g
1 /e
mey =X (), (A.21)

where ), is sum over conjugacy class 7, p; is number of group element in the

conjugacy class 7.

A.3 Wave function combination

To determine the coefficients a;; in Egs. (2.4), (2.7), (2.8) and (2.9) in Sub-
section 2.1.1 or Eq. (2.27) in Section 2.3, one needs to apply the permutation
operator according to the irreducible representation. Here we show the example
of the octet baryon for the spin-flavor configuration. The wave function of baryon

octet for the ground state can be written as

v = ¢[C111}¢§¢§f- (A.22)

The spin-flavor wave function in the case of baryon octet can be written as

gf = Z ai,j¢f21]i¢[];1}j' (A.23)

5,J=\,p
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Applying (12) permutation,

(12)¥g ¢S = ax /\¢ 21]5 ¢ — ax pw 21] ¢[21] @p,x\@bfm}p%];lh + ap,p¢f21b¢[é1}
(A.24)

Since the w;f must transform as symmetric, this require ay, = a,» = 0. Thus,

vy = &A,Mﬁlewﬂ[];m + anP¢le]p¢[];1}p' (A.25)

Applying (23) permutation,

1 3 3
@0 = v —ann (2, + Q el + ﬁwfgl )
y \/g (A.26)
+ app(5- 5 Vs + @D[zl]p)( 1/1[21 + ¢[21]P)

Solving Eq. (A.26) by substitute Eq. (A.25), the result is ay = a,,. So the

spin-flavor wave function of the octet baryon can be written by

o %ww{ ). (A.27)

The representation matrix for the [21] irreducible representation of Ss are

Pep0 ~1/2 V/3/2
DEY(12) = S IVEPRL ) . / 7 (A.28)
0 -1 —V3/2 1/2
and
D[21}(13) _ D[21](23)D[21](12)D[21](23), (A.29)
DPY(123) = DPY(13) DY (12), (A.30)

DPPY(132) = DEM(12) DY (13). (A.31)
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For representation [3], the representation matrices are 1 for all the elements while
the representation matrices of [111] are equal to —1 for (12), (13) and (23), and
equal to 1 for (123) and (132).

A.4 Coupling the flavor wave function

Since we consider only uw and d quark, the coupling of flavor and spin wave

function can be calculated by using Clebsch-Gordan coefficients.

‘chvm> = Z CG[ijmlajM7m27ja m; + mj] ‘jB7m1> ‘jM7m2> . (A32)

mi,ma2

2®0

‘¢,2,%> . B %> 0,0) (A.33)
5 ®0
o = [21]y, [21],.

¢a,%,%> _ %a%> 0,0) (A.34)
1® 5

31 1 1 1 2 11
bogp) =l eEnalll) e

11 2 1 1 1 11
Sy =4 /2L |2, =2 Y = —|1,0) |=, = A.
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A.5 Coupling spin wave function
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(A.37)

We show all the possible spin couplings between the baryon and meson part

for the pentaquark.

3
2®1
5 5 3 3
22N 12 21
330 =|53) LD
5 3 3 3
22 ° 2\ 1,1)
X,2,2> ’2 2>| 0) \/7' >|
5 1 1 |3 3
S (e 1
X’2’2> 10‘22> \[‘22>|0 Vo ‘
5 1 3|13 1 Bq/3mm 1 1 |3
O 2=,/ e 212 oV 0) + —— |2, -
B3 =Bl >+\/;‘2, )10+ =2
5 3 313 1 213\ ¥
2 _2\g, /2 |2V NG EER " |
T i L B TR
5 5 3 3
S G | N
33 = [ Ehn,n

(A.38)

(A.39)

oo

(A.40)
3

3L

2
(A.41)
(A.42)
(A.43)

(A.44)
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33 313 3 213 1
31 213 3 1
is) =V [35) o0+ gl ) -2y g
(A.46)
3 1 2131 1 3
SO G 1—1)— 1,1)
N TRR LR R S U = I
(A.47)
3 3 213 1 313 3
e N _z 1) — /= A4
D=2 m-n =B l5 -2 (A15)
(A.49)

11 1 (3 3 1 (31 13 1
S S A N TR L LA T 2 _ZVIL1) (A
1 1 113 1 13 113 3
oINS Iy D N v B3 3N g
(A.51)
10[
5 ® 1
a = [21], [21],.
33 11
"2 1 1,1 A.52
31 9121 1 (1> 1
==y =1/=1= , =1, — = ,—=) |11 A.53
X22> 32 2>| O>+\/§2 2>’ ) (A-53)
3 1 1 ]1v 1 211 1
oy T 5/ T T = I alo ° 7 9 1’ A.54
X gy 2> J32 2>| D+y3l3 2>| 0) (A-54)
3 3 1o 1
— =)y =|= ,—=)]1,-1 A.
X33 =[5 -3 -1 (A59)
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A.6 Color-flavor-spin factor

DO —

o1

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

As shown in the straight diagram, the final particle state should be the same

as the pentaquark state. Thus the color-flavor-spin factor of the straight diagram

has only one value. Here we show the calculation of the color-flavor-spin factor

for the cross diagram.
Color factor

We calculate the color factor direclty,

Il
\&) S Wl

<"¢€11] 2 qun] ¢[111]>
<¢ﬁl1] ® ¢f\l/[11] ¢§i}x>

.
(B @ wifu| v, )

3

Flavor factor

(A.61)

(A.62)

(A.63)

From the flavor wave function in the Section: Coupling flavor wave function,
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we calculated the flavor factor of the cross diagram.

31 31
VAl Y o G
<¢ 7272 1 7272> 1 (A64)
11 1 1
<¢§1})\7 57 5 ¢1 ) > =1 (A65)
11 11
F il Y & W
<¢[21]p7 279 0 > 9’ 2> 1 (A66)

where F' refers to to the final state.

Spin factor

The spin factor can be calculated by the Wigner’s 9-j symbols. Since the 9-j
symbols does not depend on the spin projection, we show the spin factor for each

the possible total spin.

{%—m>:1 (A.67)

Table A.1 9 — j symbols values for j = 3/2

}XPC’% ‘X[zl]ym > ‘le] 120 > }XOC@? >
oLl |8 = 0 S
<X[le]w%7m’ e 3 0 ~75
(xBn, 3] 0 0 ) 0
O ol | YR " 0 !

Table A.2 9 — j symbols values for j = 1/2

X", 3.m IX[21 '3 > ‘X[Ql ,2,m> ‘X[Ql %,m> )chl]pof %,m>
& 3m| -3 2 0 5 0
(o, 3| 7 : 0 ~5v 0
| T
Obuorm| | /3 G ’ ? !
<X[F] o 2,m‘ 0 0 VA 0 1




CURRICULUM VITAE

NAME: KANOKPHON PHUMPHAN GENDER: Male
NATIONALITY: Thai DATE OF BIRTH: APRIL 10, 1995
E-MAIL: k.phoompan393@hotmail.com

EDUCATIONS:

e 2006 - 2011, Assumption College Nakhonratchasima

e 2012 - 2015, Bachelor of Science, Physics department, Institute of sci-

ence, Khon Kaen University

e 2016 - 2020, Master of Science, School of Physics, Institute of Science,

Suranaree University of Technology

e 2019 - 2020, Double/Dual degree program between National Cheng
Kung University and Suranaree Universuty of Technology, Master of
Science, Department of Physics, College of Science, National Cheng

Kung University
EXPERIENCES

e 2019, Participated in 15th Rencontres du Vietnam, Vietnam School on

Neutrinos, ICISE center, Quy Nhon, Vietnam.



	Cover
	Approved
	Abstract
	Acknowledgement
	Content
	Chapter1
	Chapter2
	Chapter3
	Chapter4
	Reference
	Appendix
	Biography

